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HpPI TUTAaHUPOBAHUM SKCIEPUMEHTA UL HEJTMHEHHBIX 110 napaMeTpam Moenen perpeccun
HCHOOJIB3YIOTCA PA3JIMYHBIE IMOAXOAbI — JIOKAJIBHO OINTUMAJIBHOC IUIAHUPOBAHUE, MUHUMAKC-
HOE, MaKCUMHHO-0aiiecoBckoe u OaiiecoBckoe. Bee ot IIOaX0Abl COOTBETCTBYIOT pas3jimd-

HBIM YPOBHSIM alpHOPHOH HH(POPMALUH O TapaMeTpax MOJIEIH.

B craTbe paccmaTpuBaetcst 6aifeCOBCKHUIA MOAXO A OCTPOCHHUS IIJIAHOB SKCIEPHMEHTA JUIS
OJIHOTIAPAMETPUUYECKON IKCIIOHCHIHAIBHON MOJCIN perpeccHu. B kauecTBe KpUTEpHUst ONTH-
MaJbHOCTH HCIIOJNB3YIOTCS IATh OaliecoBckux D-¢pyHknuonanos Jly6osa. [l otux QyHknu-
oHasloB B paborax ['puropbesa, lyooBa, ®enoposa, ATkuHCOHA U JloHEBa MOIyYeHBI HEOO-
XOJMMBIC M JIOCTaTOYHBIC YCJIOBUSI ONTHMAIBHOCTH, 00oOmaromne Ha OaiecoBCKuil Cirydait

KIIaCCUYECKYIO TEOPEMY SKBUBAJICHTHOCTU Kmi)epa—Bom,(bOBMua‘

B onHOMepHOM citydae 3TH ISTh (YHKIMOHATIOB CBOIATCS K TpeM (yHKIMOHANaM, IOPOK-
JIAIOIINM TPH Kiacca 0alleCOBCKHX IUIAHOB. B o0meM cirydae U1 IOCTPOCHHS TAKUX ILIAHOB
TpeOyeTcsl 3aaHue aIpHOPHOTO PACIPENENICHUS, YAOBICTBOPSIONIETO COOTBETCTBYIOIIHM
YCIIOBHSIM perysIpHOCTH. B nanHol paGoTe B KauecTBe TAKOTo paclpeeeHns] paccMaTpHBa-

eTcsl paBHOMEPHOE pacIpeieIeHHe.

Jlnst paccmaTprBaeMbIX (yHKIHOHano0B /ly0oBa U 3alaHHOTO alpHOPHOTO PACIpe/ielieHHs! B
paboTe MOCTPOEHBI OAHOTOYEUHbIe OalieCOBCKHE IUIAaHBI M HAMIEHbI X TOYKU BETBICHUS, T. €.
TaKye IapaMeTpsl HOCUTEIS allPHOPHOTO PacHpeeNeHus], IPU KOTOPBIX CIIEKTP OJHOTOYEY-
HOTO IUIaHa MONOJNHAETCsS BTOpoi Toukoil. IIpu nanpHelnem yBeIMUEeHUN AUAMETPA HOCUTE-
JIS IPOMCXOJUT PACIIMPEHHE CIIEKTPa ONTUMAJIBHOI'O IIJIaHa 32 CUET BETBJIEHHS BTOPOH TOUKU
CIEKTpa H T. J. 3a/lada YHCIECHHOTO OTHICKAHUS BTOPOH TOUKM BETBICHHS B paboTe He pac-

CMaTpUBaCTCs.

* Crarpa noxyuena 03 mas 2017 r.
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Jlist ipoBepkH 0alieCOBCKHX IUIAHOB HA ONTHMAJIbHOCTh UCIIONB3YETCS TEOPEMa ONTUMAIIb-
Hoctu Yanonepa—JlapHia, 13 KOTOPOii CleayeT, 9To B 00IIeM cirydae CIekTp 0ailecoBCKOro
IUIaHA MOXKET COAEPXKATh YMCIO TOYEK, IPEBBILIAOIIES YHCIO HEM3BECTHBIX HMapaMETPOB
MOJIETH.

B craTbe Ha mpuMmepe oJHONAPAMETPUUYECKONH IKCIIOHEHIMANBHOI MOAEIHN MOKa3aHo, YTO
TpH paccMaTpuBaeMbIx ¢yHKIHoHana JlyboBa (a B obleM ciaydae — M BCe IATh (YHKLIHO-
HaJoB) 00JaIal0T pasHbIM ypoBHEM HHGpopMartuBHOCTH. st Hanbonee HHPOPMATUBHOTO
KPUTEpHsl, UMEIOIIEroCs CPEeAn yKa3aHHBIX Tpex (yHKuuoHanoB JlyboBa, mepBas TOYKa
BETBJICHUS OTHECCHA B GECKOHEYHOCTh. DTO O3HAYAET, YTO IS JTI000r0 JuaMeTpa HOCHTE-
1151 COOCTBEHHOTO allpUOPHOTO paclpe/eleHus 6aileCOBCKHI ONTHMAIIBHBIN IUIAH SBIISIETCS
OJTHOTOYCUHBIM.

KuroueBble ci1oBa: GaiiecoBCKHE IIaHbl IKCIEPUMEHTA, HEJIMHEWHbIE (QYHKIMH OTKIINKA, OJI-
HOTOYEYHBIE U JBYXTOYEUHbIC IUIaHbl, GyHKIMOHANBI JlyOoBa, QyHkuus nucnepeun, 3ddext
BETBJICHNUS, TEOPEMa SKBUBAICHTHOCTH, aIPHOPHOE PACHPEACICHNUE.
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BBEJAEHUE

[InanupoBaHue SKCIIEPUMEHTAa JUIS OIICHUBAHUS IapaMeTpOB HEJNWHEHHBIX
¢dyHKIMHA OTKIMKa 1M(xX,0) B Moxenn HaOIOAeHUH

y=n(x,0)+e, neC*(®), 0e®cR’, e~ N(0,0%) (1)

TpeOyeT B 00IIeM cirydae CHEeHUaIbHBIX MOJXO0/0B, OTIMYHBIX OT JIOKAJbHO OITH-
MaJIbHOTO IUTaHupoBaHusA. OTHUM M3 TaKuX MOJIXOMOB SIBISIETCS OalleCOBCKOE ILIa-
HupoBaHue. BrepBrie 3TOT moxxox ObuT paccMoTpeH B pabore [1]. B pabore [2]
JUIL TIPOM3BOJIHOTO BBIMYKJIOro (DYHKIMOHANA OT HMH(OPMAIIOHHOW MaTpHIIBI
M(6,E) c ycpemHeHHWEM €ro Io ampHOpHOMY pachpeneneHuo m(0) HalIeHBI
YCIIOBHS ONTHMAJbHOCTH 0alleCOBCKMX IUIAHOB &p, ABIAIONMECS 0000IIEHHEM
Teopembl onTuManbHOCTH Kudepa—Boasdosura [3, 4]. B pabotax [5, 6] koHIen-
nus GaifecoBckol D-ONTUMAaIbHOCTH PacIIMpeHa N0 MATH (yHKIHOHAJIOB, BKIIIO-
yaromux (yskuonan ['puropsesa. Hakonen, pabdore [7] chopmynupoBaHa u 110-
Ka3zaHa TeopeMa Ay nepsoro u3 (yakuuonanos [lybosa @;, mpu stom Penopos B
JIOTIOJTHEHHE K JOKa3aTeNlbCTBY JENAcT 3aMEUaHWe OTHOCHTEIBHO YHCIIA OMOPHBIX
TOYEK B 0alECOBCKHX TUIAHAX.

CyTb €ro COCTOUT B TOM, 4TO OaiiecoBCKHU (pyHKI[OHAI JF000T0 BU/IA HENb-
351 MPEACTAaBUTh KaK (YHKIHIO OT WH(pOpManmnoHHOW MaTpuiel M (), Kak 3TO

OBLIO B IMHEHHOM ciydae. HIMeHHO 3TO 00CTOSATENBCTBO JIEXKUT B OCHOBE omnupa-
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omierocs Ha TeopeMy Kapareonopu Joka3arenbcTBa CYHIECTBOBAHUS ONTUMAIb-
HOro miaHa &, umeromniero e 6osee yeM m(m+1)/2 Todek. [TocKoIBKY TeOpeMa

KapaTeoI[opI/I He UMeeT MecTa B 0alieCOBCKOM cily4dae, TO HCJIb3s IOBOPUTH U O
KOHCYHOCTHU BerHeﬁ TpaHUIbl IJI YUCJIa OIOPHBIX TOYCK B 0alieCOBCKHUX ILIa-

Hax Ep.

IMocnenuuit Gakt ctporo mokasaH B padorax [8, 9], a 3areM Oosee moapoOHO
HCCIICIOBaH B CEPHUHU MOCIEAYIONMX padboT (cM., Hanpumep: [10, 12—14]). Hakower,
HCCIIeIOBaHHIO 0alileCOBCKUX TUIAHOB C ITOMOIIBI0 (PyHKIMOHAIBHOTO Moaxo1a Me-
naca mocBsimieHsl padoTel Crapocenbekoro [15, 16]. 3ToT cnucok paboT MoxeT
OBITH IPOJOJDKEH U Janiee. B CBsI3M ¢ 3TUM IpEACTaBIsieT UHTEPEC HCCIIeIOBaHHE
KOHKPETHBIX 3a/1a4 0aifleCOBCKOTO TUIAHUPOBAHUS ISl Pa3IMYHBIX Mojened m(x,0)
1 anmpuopHBIX pacupeneneHuii m(0). OgHON 4acTHOH 3amade TaKOTO THIIA MTOCBS-

IeHa JaHHast paboTa.

B pazngene 1 mpuBOmUTCS MOCTAHOBKA 3a/addl 0aii€COBCKOTO IUIAHWPOBAHUSL.
B pazmene 2.1 BBomsaTcsa QyHKmoHansl [Iy6oBa mms D-0aileCOBCKUX KPHUTEPHEB,
MOTy9aeMbIX MIPU Pa3IMYHBIX crocobax ycpeaHeHns (yHKuuoHanoB W[M (0,8)].

CorlacHO TaHHOW TeopeMe OailecOBCKHUE IIJIaHbl, KaK y)Ke OTMEYaIoCh, MPOSBILSIIOT
3[paBoe CBOICTBO, COCTOSIIEE B TOM, UTO YeM 00Jee pa3MbITHIM CTAHOBUTCS alpH-
OpHOE pacmpefenieHNe (CKakeM, yBeIM4YHMBaeTcs AUCIepcHs mapamerpa 6 ), Tem
OoJIbIlIe ONMOPHBIX TOYEK MOSBIsAETCA B 0alleCOBCKOM IUTaHe &p. DTO MOBENEHHE

TUTAaHOB WJUTIOCTPHPYETCS Ha IPHMeEpax B paszene 2.3.

1. IOCTAHOBKA 3AJIAYMN

ByzeM paccMaTpuBaTh Takoe IUIAHMPOBAHME, NPH KOTOpoM amsi 0 e ® — R!
B Mogenu (1) 3amaercst anpropHoe pactipenenenue m(0), KoTopoe B 00mEeM ciryyae

MOJKET OBITh KaK JUCKPETHBIM, TaK M HEIPEPBIBHBIM. DTa anpropHas HHHOpMAIHs
HWHKOPIIOPUPYETCsl B IUIAH IKCIEpUMeHTa & ¢ HoMomplo (yHKuuoHanoB [lybo-

Ba @(§)...D5(E), NpPEnCTaBIAIONIMX YCPEOHEHHUS KPUTEpUS IUIAHUPOBAHUSA
y[M (6,E)] mo marHOMY ampuopHOMY pacupeneneruto m(0). B xauectBe momenu

perpeccun paccCMaTpuBaACTCA IKCIIOHCHIIUATIbHAA MOIC/Ib

nx,0)=e®, 0e®=[a,b], a<b<wn, x20, )
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a B KauecTBe allpUOPHOT0 PaCIpeiesIeHNs — PABHOMEPHOE PacIipe/iesiCHUe

0 0<a,
0—a
n(0) = , 0e0, (3)
b—a
0> b.

1,

Llens paboThI 3aKTI0OUaeTCsl B MCCICAOBAHNY MOBEJCHUS IUTAHOB &p NPU MakK-
cuMm3anuu OariecoBckux (QyHKIHoHaIoB JlyooBa ®(§) mpu b — oo u ompenene-
HHUH HMX NEePBOIl TOYKH BETBICHHS, T. €. TOYKH by, IIPH KOTOPOH OXHOTOYESHHBIH

OaiiecoBckuil maH &p CTaHOBUTCS JABYXTOUEUHBIM.

2. YCJIOBUS ONTUMAJIbHOCTH BAMECOBCKHX IIJIAHOB

CymiecTBYIOT pa3indyHble 0000IIeHUsS 0alieCOBCKO KOHIENMH D-0NTHMAIb-
HOCTH B Cilyyae BeKTOpHOro mapamerpa 6. Crenys [5], mpuBenem msth o6o0me-
HUH TeOpeMbl SKBUBAJCHTHOCTH Ha 0aileCOBCKMH ciIydail, OTpakaloIluX 3aBHCH-
MOCTh HH(pOpMannoHHOH MaTpunbl M (0,E) oT BekTOpa mapameTpoB Mozenu 0 .

2.1. ®ynkuuonanasl lydosa

Jlst muHeapr30BaHHBIX HEJTMHEHHBIX MOJIEJCH 3aBHCUMOCTh TUTAHOB OT O, Kak
00BIYHO, OCYIIECTBIISICTCS C MTOMOIIBI0 BEKTOPA YACTHBIX MPOU3BOIHBIX:

00

T(x,0)= 0 ,e,...,i .0) |.
S (x,0) ae]n(x ) pn(x )

3anuiem nHGOPMALMOHHYIO MAaTPHILY KaK

M(E0)= [ £(x,0)fT (x,0)(dx) = [ M (x,0)&(dx) € R™" .
X X
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O6o0meHneM  JIOKAJIBHO —ONTHMAIBHOTO moxxoxa y[M(€,0)] - ming.z ,

re Y — HEKOTOPHIHA, CKakeM, D-, A- 1 WHOW (DYHKIIMOHAJ, SBISETCS PacCMOTpE-

HUC KPUTCPUCB INIAHUPOBAHHWS BHUJ1a

D (8) = EguIM (5,0)] = | y[M (5, 0)In(dh),
X

rae n(d0)— gyukuus pacupenenenus 0 € ®  R™ .
Bce naTh paccmarpuBaembix Hke (yHknuoHanoB O (&) GaiiecoBckoro Tuma
OIpeNIeNSIOT 3a1ady 0aileCOBCKOro INTAaHMPOBAHUS KakK IOHMCK IU1aHa &p, IUIA KO-

TOPOTO

©.(8p) = ?eig @7(8) - “4)

1. Ycpennsem uapopManmonnyo Matpuiy M (0,£), 3atem Haxoaum oOpar-
HYIO K HEH u onpesernsieM (QyHKIIMOHAT
n(d6) = —log|EgM (€,0)|. &)

@) =—log|[ M(&,6)

(S]

2. Haxomum oOpatayto Mmarpumy D(E,0) =M -1 (§,0), 3arem mpom3BOANM
yCpeAHEeHUe 1 onpenensieM QyHKIHOHAT

() =log n(d6) = log| EgM ™ (£,0). (©)

[M~'(0)
®

3. Boruucnsiem | D(0,8) |, 3arem naxomum log | D(E,0) |= —log | M(&,0) | u no-
CII€ 3TOr0 NIPOU3BOJUM YCPEIHEHUE

D3(&) =~ log | M (§,6) | m(d6) = ~E{ log|M (,6) . (M
)

4. Yepennsem onpenenurens | M (E,0) | n momaraem

D4 (&) = ~log [ | M(5,0) | 1(dB) = —log Eg | M(&,0). ®)
)
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5. YcpenHsieM onpeaenuTenhb ‘M -1 (&, 9)‘ Y ToJjlaraem

D5 (&) =~ [ log|M (5,6)| n(d6) = ~Eq log|M (,0)| . )
0

Jns mepBBIX Tpex KpuTepueB B pabote [5] chopmynmpoBaHa, a IS KpHTe-
pust ®,(&) u nokazaHa TeopeMa SKBUBAJICHTHOCTH, SIBJISAIOIIASCS PACIIMPEHUEM

TeopeMbl dkBuBasieHTHOCTH Kudepa—Bobdosuiia Ha OaiiecOBCKUiA cirydaid.
Kputepuii ®5;(§) B Oonee obLiel NOCTaHOBKE (KaK BBITYKJIbIH (QyHKIHOHAI

oT &) — 3TO KpUTEPHi, KOTOPBIi, KaK y)Ke 0TMEYaIOCh, pacCMaTPHUBAJICS B AUCCEP-

tanuu ['puropsesa 10.J1. [2, c. 90, Teopema 3.5], rae mokazaHa COOTBETCTBYIOIIAS
Teopema, obobmaromas Teopemy JydoBa mis kputepus D-oNTHMaILHOCTH Ha 00-
nee oOmuit cirydait BeITyKiIoro ¢yHkmmoHana \y . B pabote [7, c. 55-57, teope-

Ma 5.4] npuBoIUTCS JOKA3aTEIbCTBO TEOPEMBI SKBUBaJICHTHOCTH [lyOoBa /11 Kpu-
tepusa (&), noBTOpSIIOLIEE X0 paccyKaeHuH B pabore [2].

@ynknuonansl Dy (E), @5(§) Buepsble BBOAATCS JJyOOBBIM, HO yCIOBUSA OIl-
TUMAJIBHOCTH JUISi COOTBETCTBYIOIIMX MM IUIAHOB OH HE HpuBOAWT. OHHU chopmy-

nmupoBaHkl B 19-i1 rimaBe xauru [17, . 214, tadn. 19.1].
2.2. Teopema /Iy6oBa

Jlnst xaxmoro u3 cioydaeB 1-5 chopMmynupyeM Teopemy SKBHBajIeHTHOCTH Jly-
6oBa [5]. Bymem HCIoIp30BaTh CICAYIONINE COKPAIIICHHS

M=M(E_,,9), EM=E9M(&,9), f(x)=f(x,9).

Teopema 2.1 [5, 17, rnaBa 19]. Caenytorue yTBEp>KIeHUS SKBUBAJICHTHEI.

1. ITnan ?‘;* munumusupyer @ ;(€), j = 1.5.

2. [Tnan é* MUHUMHU3UPYET QYHKIUIO MAaKCUMyMa
G(8) =max¢;(x,5),
xeX

rac

01 (6,8) = ELf T EMT £ ()},
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02 (6,8) = ELfT oM EMTY M f(x)),
03,8 = E{fT (oM f(x)},
0a(5,8) = E(M | fT oM™ f(x)}/EI M|,

os(r&)=E{ M| /T oM™ fooy/EI M.
3. ImeeT MecTO paBEHCTBO
GE)=m. (10)

Jloka3arenscTBO TeOpEMBI IPUBOIUTCA B yKa3aHHBIX UCTOUHUKaX. Ilpu m =1
TIepeYnCIICHHBIE TIATh KpuTepues JlyboBa CBOAATCS K TPEM KPHTEPHSM, NPEICTAB-
JeHHBIM B Tabm. 1. B Hell Takke ykazaHBI IIeTIbIe CTETICHN YCPeAHEHHOH HHpopMa-
LMOHHOM MaTpuUIbl, SBISIOMIEHCS B JAHHOM ClTydae CKaJsIpOM. JTOT CKaJsip Mpen-
MOJIAraeTcsi MUHUMU3UPOBATH 10 & .

Tabnuya 1

Penyknusi kputepues @ (§)... D5 (&) n1s onHonapamMeTpudecKuX Moaesei

. CrerneHp Bec a(0) ycpenneHHOM
Kputepuii DyHKIMOHAT IV— (H;czeicnn
3 —Eglog M(E,0) 0 1
-1 -
2,5 EgM ™ (£,0) -1 M7 (E,0)
1, 4 _EGM(&» e) 1 M(E.n e)

2.3. BaiiecoBckue miIaHbl 171 GyHKnuoHanoB Jlyoosa

PaccmoTpuM mpuMmepbl  0alleCOBCKHX IDIaHOB Juisi (yHKUMOHana JlyGosa
D (&)...D5(E) B ogHOMapaMeTpuuecKoM ciydae. [ist 3TOro BEpHEMCS K 3KCIIO-

HCHIMAIBHOM MoJieNH (2), YTOUHHB [T Hee 00J1acTh IUNIAHUPOBAHUS X:

nx0)=e®, xeXx=[0,1], 0c®=[a,b], a>0.
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IIycts m(dO) — paBHOMepHOE pacnpenenenue Ha O =[a,b], a>0 u §, —ox-
HoroueuHsblii iaH, x € [0,1]. [Ipeamnonaraem, 4to paccmatpuBaeTcs 3ajiaya IJIaHuU-
pOBaHHs Ha MUHUMYM, T. €. D (&) — min .

Dynxuuoan D) =d;3(E) . Eciu Q:E_,x* — OIHOTOYEYHBIHA IUIaH, TO CO-

riacHo Tabun. 1 u Beipaxenuio (10) umeem

b
1 .
(&) =~Flog | M(8,,0)[= ——— [loglx*e 2140 =
a

=(a+b)x—-2logx,
b

0,5 +) = Ef T (x,0)M (3 +,0)f(x,0) = [ d(x3 +,0)n(d),
a

A5 1,0) = (x /P20,

* v
rJie  OHopHass To4yka x  OalleCOBCKOrO IUIaHa MOJJISKHUT  OIpPEICICHUIO.
Ontumusanua (5, ) 00 X NPUBOIUT K BHIPAKCHUAM:

x* =arg min ®B,)=2/(a+b), PO +)=2(1-log2/(a+b)), (11)
xe[0,1] X

b
1
008 +) =7 —[d(x,3 +,0)d0 =
a

B 1 ( X j2 e—Za(x—x*) _e—2b(x—x*) a2
2(b—a) * '

Tx
X xX—Xx

OJ.'[HOTO‘IG‘-IHBII\/’I IJIaH O = SBISETCS 0AECOBCKMM B TOM U TOJIBKO TOM cJydac,
X

€CJIN UIs1 HET'O BBITIOJIHACTCS YCJIOBUE

Vxe[0,1]:0(x,5 +) <1 (13)

OnHaKo OKa3bIBACTCA, UTO B OOIIIEM CIIydae 3TO HE TaK.
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Iycts a =1, b=40. Torna u3 (12) cnenyer

X = % =0.048, 780, max (p(x,Sx*) = (p(xo,Sx* )=1219, x,=0437,
]

x€[0,1

T. €. yciosue (13) He BbInoHeHO. Takum 00pa3oM, OHOTOUCYHBIH MTaH

g =1x" =0.048, 780}, (5 +)=8.0408

HE SBIIsICTCS 0alleCOBCKHMM B KJIACCE BCEX ILJIAHOB = .

0.8

0.6

0.4+

0 02 04 06 08 1
x

Oyuxuust gucnepcun O(x,d «) A OJHOTO-
X

YEYHOro IJIaHa Sx* =0.437

PaCCMOTpI/IM Z[ByXTO‘Ie‘IHLIﬁ IIaH

x; =0.047, 404 x, =0.346, 781

2
={(x;,0;)}i = , © =8.039, 241.
52 = 10l (m1=0.979, 294 ®, =0.020, 706) (2)
Iockonbky D(&,) < D(§;), To oTcrofa cienyer, uTo IaH &, Jyulle Iula-

Ha &;, XOTs 3TO ellle He 03HauaeT ero 6aitecopocts. [lomaras

x2 6729x

) — ’
Ble ex] +B2e 29)(2

d(xs &.:299) =
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B, =wpxi =0.002, 200, B, =m,x3 =0.002, 490
1 HCCIIeysl yCPEIHEHHYIO (DYHKIUIO TUCTIEPCHU

| 40
o(x,&y) =39 I d(x,6,,0)d0,
1

3amodaeM, uro g Beex x €[0,1] Bomonmserca ycnosue d(x,&p)<I.
CnenoBaTenbHO, M30BITOUHBIN IUIAH &, NEHCTBUTENIBHO ABIIETCS OallecOBCKUM

mpu a=1 u b=40. B stom 3akmodaercs GpeHOMEH H30BITOYHOCTH, COTJIACHO
KOTOpPOMY TIpH ONpPEICNICHHBIX YCJIOBHSAX KOJIWYECTBO OIOPHBIX TOYEK B
0aiiecOBCKHX IUIaHax OyIeT BO3pacTaTh.

Curyanus c miaHaMu &; u &, MOKa3bIBaeT, YTO B CUIIy HEIIPEPHIBHOCTH CYILIE-

CTBYeT TaKO€ MHUHUMaJIbHOE 3HaueHue by (mpu QukcupoBaHHOM a =1), 4TO HpH
b>b nmna mmana & B obnactu [0,1] Hapymaercs ycnosue OaiiecoBoCTH
o(x,&€;)<1. DT0 03Hauaer, YTO TOYKA b; SABIACTCS T'PaHULEH MEXAY OIHO- U
JBYXTOUEUHBIMU ILIaHAMHU. B cBA3M ¢ 3TuM 3HadeHHEM b; €CTECTBEHHO HA3BaTh
TOYKOM BETBJICHUS IUIaHA & .

Beruucnenus nokaselBaioT, uto by =29.498, 672. Ilockombky D[ (h))]=
=®[&,(h)], TO hOpMATBHO 3TO PABEHCTBO O3HAYAET, YTO ONTHMAIbHBIMHU OJHO-
BPEMEHHO ABILAIOTCS IL1aHbl &;(by) u &,(by), mpu 3TOM (PaKTUIECKOro NPOTUBO-
peuns 3nech HeT. OOBACHACTCS 3TO TEM, YTO B JABYXTOYEUHOM IUTaHe &, (b)) mme-
€TCsl BTOpasi OLIOPHas TOUKA X, , B KOTOPOH BBINOJIHEHO HEOOXOAUMOE U JIOCTAaTOU-
HOC YCIIOBHE ONTHMAIBHOCTH X, =argmax o] P(x,&) =1, HO Tpu 5ToM
o(x,)=0. IMostomy mnansl &;(b)) u &,(by) daxruuecku coBnagarT. OnHaKoO
TIPY BBINIOJHEHUH ycloBus b > b Bec ®(Xx,) TOYKH X, CTAHOBHUTCSI HEHYJIEBBIM, U
OailecoBckuii maH &, (b) AEHCTBUTEIBHO CTAHOBUTCS JBYXTOUCUHBIM.

®ynkuuonan (&) = O, (&) = O5(&) . Aranorndgno pyrknuoHary O; momy-
JaeM

D(5,) = log|EM1(5,,0)| =
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e—2 ax e—2bx

Z(b _ a) x3e—2(a+b)x

b
=log [ M~ (5,,0)n(d0) = log

a

E

(x,8 +) = E[fTM_I(SX* ,6)(EM_1(6x* ,e))_1 MG ,e)f} -

x2 e—2(x—2x ) _e—2b(x—2x )

x*(x—zx*) ebe* _eZax

* s

* o
TA€ OIIOpHasA TO4YKa X 0aliecoOBCKOro IUIaHa TIOMJICKUT ONPEACIICHUIO. Onrumu-

* v
sarust O(04) MO x MPUBOAUT K TOUKE X , SBJISIOIICHCS KOPHEM ypaBHECHHS

2x(b672ax _a672hx)_3(ef2ax _672bx) =0,

KOTOpPOE JIETKOPa3peLIuMO YUCIEHHO.
UucieHHBIH aHaN3 MOKa3bIBAaET, YTO TOYKOH BETBJICHUS B JJAHHOM CJIydae SB-
nsercst Touka b =108.082,984 , npu 3TOM NOrpaHUYHBIM JBYXTOYEYHBIH IUIaH

MMeEET BU]I

x; =0.013, 034 x, =0.470, 683
W = 1 Wy = 0

& = {(x, 0} =( J D(E,) =10.408, 043

Oynxumnonan O(&) = (&) = Dy (&) . OtHocuTensHo kputepust P, (&) dybos
BbICKa3aJ 3aMedanue [5, c. 110], 4To OH MOKET NPUBOJUTH K CTPAHHBIM IIJIaHaM, U
MIPHUBET TIPUMEpP IABYXIapamMeTpudeckoi mopenw (m =2), Iuia KOTOpOi OaiiecoB-
CKUil D-ONTHMANBHBINA TJIAH OKAa3aJICsl COCTOSIINM W3 OOHOM TOYKH. DTO «CTpaH-
HOE» CBOMCTBO [UIsl PACCMATPUBAEMON HAMM 3KCIIOHEHLIMAJIbHOW MOJENN MPOSIBIIS-
eTcsl B TOM, 4TO Bce OalleCOBCKME IIIaHbI I Hee OKA3bIBAIOTCA OJHOTOYCYHBIMU,
T. €. peHOMEH M30BITOYHOCTH HE BO3HHUKALT.

Crenys Toii >ke cxeMe, 4To U BbllLe, 1 GpyHKiuoHana @ norydaem

D(8,) = log[ EM (8,,0)] ' =

b -1
=log JM(5X,9)W(d9) ZIOg(i(b—_a)zbJ’
. x(e " —e™ M)
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00,8 )= E[ fT(EM +,0)" f |= E(/T 1)[EM (5 +.,0) =

x 872ax _ e—th

* * *
X e—2ax _e—2bx

* o
OnopHast Touka x 0alieCOBCKOTO IUIaHA JIETKO OIPEAeIsieTCs, TaKk Kak HeoO-
XOJIUMOE yCJIOBUE 3KCTpeMyMa Juid ¢pyHKuuoHana O(S,) IpUBOIUT K YpPaBHEHUIO

g(x; a,b) =0 c neBoii 4acThIO
g(x; a,b) = 2x(be 0¥ — qe 2y — (e 2P _ o2y |
ITockonbky
lim g(x; a,b) = (1-2ax)e 2%,
b—©

*
TO OTCroAa MpUXOAUM K ACUMIITOTUYCCKOMY PCHICHUIO X -~ 1/2a. B CUIly TOro

aro X € [0,1] mist mFOOBIX b > a , IMEEM TaKXKe
*\ —2ax
(p(x,Sx*)~(x/x )e , b>w.

Otcrona BuguM, 4to @(x, Sx*) <1 nns Bcex x €[0,1]. Bee BMecTe 910 TOBOPUT

0 ToM, 4To 3ddexT BeTBIeHUs WA QyHKuUoHana O; He Bo3HHUKaeT. B rabum. 2
npenacTaBieHsl OaiiecoBckue @ onTUMaNbHBIC IUIAHBI U HECKOJIBKHX 3Haye-

HHH b.
Tabnuya 2

BaiiecoBckne @, — onTuMalbHbIe IJIAHbI IS HECKOJIBKHMX 3HAYEHHI b

b

IMnan & «,a=1
¥ 1.2 1.5 2 5 10 50

X 0.9141 | 0.8222 | 0.7228 | 0.5308 | 0.5005 | 0.5000

DS »)=—log E[M (5 +,0)] | 2.1851 | 2.4190 | 2.7320 | 3.7888 | 4.5836 | 6.2781
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W3 Tabmn. 2 BUIUM, 9TO C pOCTOM b IUIaH O x OBICTPO MPUOIIKACTCS K TIpe-
X
JenbHOMY Oy, , HO BenuuuHa P NPU 3TOM PACTET, T. €. KaYeCTBO MIaHUPOBA-
X

HHJA ITagacT.

3AK/IIOYEHUE

OrtbickaHue ToueKk BeTBIeHUs b; OailecoBckux D-miaHoB Ep IpeAcTaBiseT

CaMOCTOATENBHBII HHTEpeC, HO TPeOyeT M30LIPEHHBIX BBIYMCIUTEIBHBIX aIrOpHT-
MoB. C Jpyroil cTOpoHbl, TpH THIa OaiiecoBCKUX (QyHKIMOHANOB J[yOoBa Moryr
OBITh KJIaCCH(HUIMPOBAHBI 10 YPOBHIO MPEICTaBICHHON B HUX WH(OpPMAaLUH O Ta-
pametpe 0 €[a,b] B 3aBUCHMOCTH OT cIiocoda ycpeaHeHus. PaccMoTpenHble npu-

Mephl TIOKa3bIBAIOT, YTO IS SKCIOHCHIHAIBHOW MOJAENU C OJHHM IapaMeTpoM
HanMeHee nHpopMaTuBeH GyHKIHoHaN @5 . [IpoMexyTodHOE MOI0KEHHE 3aHUMA-

er ¢gyukiuonan @, u Haubonee uHpopmaruBeH QyHkuuoHan P, Tak Kak O

HEro TOYKa BETBIEHUS by OTHeceHa B OECKOHEYHOCTb.
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Bayesian experimental designs for Dubov’s functionals:
examples and branching effect”

Y.D. Grigoriev', A.S. Grunyashin®

!'St. Petersburg State Electrotechnical University, 5 professor Popov street, St. Petersburg,
197022, Russian Federation, doctor of technical sciences, professor of the department of
computer science of ETU (LETI), an expert in the field of experimental design theory, risk
theory and the theory of mathematical harmony. E-mail: yuri_grigoriev@mail.ru

2 St. Petersburg State Electrotechnical University, 5 professor Popov street, St. Petersburg,
197022, Russian Federation, graduate student of the department of computer science of
ETU(LETI) the subject of scientific research is the planning of an experiment for nonlinear
parametrization. E-mail: agruniashin@gmail.com

Different approaches used in designs an experiment for nonlinear regression models are local-
ly optimal design, minimax, maximin bayesian and bayesian. All these approaches correspond
to different levels of a priori information about the parameters of the model.

The bayesian design of construction experimental designs for one-parametric exponential re-
gression model are considered in this article. Five bayesian Dubov’s D-functionals are used as
a optimally criterion. Necessary and sufficient optimal conditions generalizing classic theorem
of Kifer-Volfovich to bayesian case are obtained in Grigoriev, Dubov, Fedorov, Atkinson and
Donev works for these functionals.

In the one-dimensional case, these five functionals reduce to three functionals that generate
three classes of bayesian designs. In the general case, the construction of such designs requires
the assignment of an a priory distribution satisfying the corresponding regularity conditions.
In this paper, a uniform distribution is considered as such a distribution.

For the Dubov functionals under consideration and for a given a priori distribution, one-point
bayesian designs are constructed and their branch points are found, that is, parameters of the
support of the a priori distribution for which the spectrum of the one-point design is replen-
ished by the second point. With a further increase in the diameter of the carrier, the spectrum
of the optimal design is expanded due to the branching of the second point of the spectrum,
and so on. The problem of finding the second branch point in the paper is not considered.

To verify bayesian designs for optimality, the Chaloner-Larnz optimality theorem is used,
from which it follows that in the general case the bayesian spectrum may contain a number of
points exceeding the number of unknown parameters of the model.

In this article for example of one-parameter exponential model shows that three concerned
Dubov’s functional (in general case-all five functional) possess different level of self-
descriptiveness. For more information criterion being among three mentioned Dubov’s func-

* Received 03 May 2017.
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tional, first bifurcation point is taken to infinity. It is mean that bayesian optimal design is
one-pointed for any diameter bearer of own a prior distribution.

Keywords: bayesian design of experiment, nonlinear response functions, single-point and
two-point designs, Dubov’s functionals, variance function, branching effect, equivalence theo-
rem, a priori distribution
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