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O I'PYIIIIE I'AJIYA ITOJIA,
MHHOPOXKJAEMOI'O CHETHBIM YUCJIOM 2JIEMEHTOB

K.H. llonomapés
Hosocubupckuil 2ocyoapcmeentvlil mexHu4ecKull YHUGepcumem

CraTbst OTHOCUTCA K Teopuu moiieil. OHa MOCBSIIEHAa U3YYCHUIO B3aUMOCBSI3U CBOMCTB Oec-
KOHEYHBIX pacIIMpeHuii ['arya 1 OTBEYAIOMUM 3THM PaCUIMPEHHIM IPOKOHEYHBIX rpymn ["amya.
OOmue B3anMOCBSI3N YCTaHOBIJICHBI B camMoil Teopun ['aimya. Hampumep, mo Teopeme o mpuMH-
THBHOM 3JIEMEHTE JIt000e KOHEUHOE pacIiupeHue ['amya moposknaercs HeKOTOPbIM OJHHM 3lie-
MeHTOM. [loaToMy 17 KOHEUHBIX PACIIMPEHHH MOJeH HET CBA3U MEXAy HaUMEHBIIUM UYUCIOM
MIOPO>KAAIONINX AJIEMEHTOB M BeTMYMHON rpynmsl ['amya. OHako 11t 66CKOHEYHBIX PaCIIMPEHIH
noseil HeM3BECTHA 3aBHCHMOCTh MEXIY KOJIMYECTBOM MOPOXKHAONINX 3JIEMEHTOB PACIIMPEHHS
MoJied M BEJIMYMHOW COOTBETCTBYIOIIEH A3TOMY pacuupeHuto rpymnmsl [Mamya. Ilo-Bugumomy,
HaMMEHbIIIee KOJIMIECTBO MOPOXKIAIOMINX JIEMEHTOB paclupeHus ['amya HaXoAUT BBIpaXKEHHE B
JIOKJILHOM Bece TOHoJIoruu rpymnmsl [amya. PaccmaTpiBaeM HanMeHbIIYI0 OECKOHEYHYIO MOIII-
HOCTb TIOPOKIAIOLINX IEMEHTOB, OTPAaHUUUBAEMCS U3YYEHHEM CUETHO MOPOXKIECHHBIX pacllupe-
Huil noseil. B moxaTBepkacHUE MPEANONOKEHUS YCTAHABJIMBAEM, YTO CUCTHO MOPOXKIACHHOMY
PpacIIMpEeHHUIO MoJIel OTBEYaeT CBOWCTBO CYETHOCTH JOKAJIbHOTO BECA TOMOJIOTHH Tpynisl ["amya.

Kniouesvie cnosa: pacmmpenue nonei, rpynmna ['anya, mpokoHe4Has rpyImna, C4€THOCTb TO-
TMOJIOTHH.

BBenenune

Cratesi OTHOCUTCS K Teopur mojeil. OHa TOCBSIIEHA H3YyYEHUIO B3aMMOCBS3H
CBOWCTB pacUIMpEeHU MOJel U OTBEYAIOLMM 3TUM pacluupeHusiM rpynn ['anya. Takue
B3aMMOCBSI3U YCTaHOBJIEHBI B camoil Teopuu ['amya. Mbl u3ydyaeM CBOMCTBO CUETHOM
NIOPOXIEHHOCTU PACIUUPEHUs MOJIEeH. YCTaHAaBIMBAEM, YTO €My OTBEYAET CBOMCTBO
JIOKaJIbHOM CUETHOCTH TOMOJIOTHH Ipynnbl ['amya.

B Teopuu INanmya yctaHOBIEHO, 4TO JIIOOOMY (BO3MOXKHO, O€CKOHEUHOMY) HOpMallb-
HOMY pactmpenuto nosieii L/ K otsevaer rpymmna Fanya G =Gal(L/K). B ciyuae
0ECKOHEYHOTO pacIIMpeHHs] MOJeW Takas TpYyIHIa SBISETCS TOMOJIOTHYSCKOH IMPOKO-
HEYHO# IpyINoi, TONONOTUs MPOKOHEYHOH IPYIIIBI ONpeelsieTcsl HeKOTopoit ¢hyHaa-
MEHTAJIbHOM CUCTEMOM OKPECTHOCTEN €AMHULIBI 3TOM IPYIIIIbIL.

CueTHO NOPOKAEHHBbIE MOJS

3ameuanne

3ameTHM, uTO (yHIAMEHTAIbHAas CUETHAs CUCTEMA OKPECTHOCTEH TOYKU TOIOJIOIU-
geckoro npocrpanctsa U;,i €N sKkBuBajieHTHa (QyHIaMEHTaNbHOH CUETHOM cucTeMe
yOBIBaIOIIMX OKpECTHOCTEH 3TOH ToukH, cucreme: Uy, Uy NU,, Uy NU, NU;,. ..

B camom gene, mo0as okpecTHocTh U; couepkut nepecedenune UpM...NU;.
HaoGoport, ¢pyHIaMeHTanbHas CUCTEMa SBJIAETCS] HAIPAaBICHHOU, II03TOMY UL JIF000ro
Takoro nepeceuenus Uy M...NU; Haiinercs takas okpecTHocTh U, KOTOpas cojep-

KATCs BO BCeX MHOKectBax Up,...,U;. Tloatomy Upn...nU; DU ;. 3Oto nosicHsier

3aMCYaHHC.

HccnenoBanne BBIMOMHEHO MpU (UHAHCOBOW moznepxkke MuHucrtepcTBa 00pa30BaHU
u Hayku P®, no rocynapcrBentomy 3amanuio Ne 2014/138, mpoekt Ne 1052.
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Jlemma

Ecmu GeckoHewHast mpokoHeuHas rpynma G o0iagaeT cdeTHOW (yHIaMEeHTaIBHON
CHCTEMOIl OKPECTHOCTEH eIUHUIIBL, TO OHAa 00JafaeT TaKol CHCTEMOH U3 yOBIBAIOLIUX
HOPMAaNBHBIX AenuTener rpynms! G .

B camom gene, HOpMasbHbIE JEIUTENN OSCKOHEUHOH IPOKOHEUHOU IPyMIbl 00pa3y-
0T (pyHIAMEHTAIBHYI0 CHCTEMY OKpecTHOCTel emwHHUIE! (cM. [1] mpemnokenue 1.14).
ITosToMmy, ecn B OeCKOHEUHOH NPOKOHEUHOH rpynne G Haliercs Kakas-TO CUeTHas
cucteMa (yHIAMEHTAJIbHBIX OKPECTHOCTEH €AMHMIBI, TO IO 3aMEYaHHI0 €€ MOXKHO
npennonarath yosiBatomei. Torga B rpynne G HalineTcs Takas cucTeMa, 0Opa3oBaH-
Hasi HEKOTOPOH YObIBaloIIeH IIENbI0 HOPMAJIbHBIX HOATPYNI KOHEYHOTO HHJEKCa
{N;|ieN N;;; € N;. OT0 HOpMaNbHBIE [ENUTENH, KOTOPBIE COAEPKATCA B MCXOJ-

HOW (yHIaMEHTaIIFHOU cucTeMe. JleMMa Toka3aHa.

Teopema

Paccmorpum Oeckoneunoe pacummpenue ['amya moneit L/ K u ero OeCKOHEUHYIO
npokoHeuHyto rpynny ['anya G . Tornma rpynna G oOnagaer cyeTHOM (yHAaMEHTaIb-
HON CHCTEMOH OKPECTHOCTEH €IMHUIIBI TOT/A M TOJNBKO TOT/A, KOTAa moyie L TOopoX-
Jaercsi Haj nojieM K CUeTHOH MOCNIeOBaTeNIbHOCTBIO 21eMeHTOB: L = K(/),0,...).

B camoMm Jene, o geMMe ycaoBue Ha rpynny G paBHOCHIIBHO HAJIHYMIO B IpyIie
yOBbIBalOIEl CUETHOM Lenu HOopManbHBIX Aenuteneil: G =N; > N, >.... Ilo cooTser-

ctButo ['anmya pacmmpernne L/ K momydaercs oObeAMHEHHEM OalTHN KOHEYHBIX PaCIId-

N

penuii [anya: K = 0 = c.... Ilo Teopeme 0 mpuMUTHBHOM 35ieMeHTe (cM. [2]-[4])

I8 KaxOoro HarypambHoro ne€N Haifnercs smeMeHT a; € L 111 KOTOPOTO

N
L = K(a;). Orcioaa ciaeqyer J0CTaTOYHOCTb.
IIposepum HeobxogumocTs. Ilycts L = K(ay, ay, ...). [y Kaxaoro HaTypaabHOIO
ieN ob6o3Hauum L; — HOpMaslbHOE 3aMblkaHue nons K(ay,...,q;) B mone L. Ilo

COOTBETCTBUIO ['alya KaXkJ0e Takoe MoJie OTBEYaeT HEKOTOPOMY HOPMAaJbHOMY JeJH-
temo rpymnsl G. OTa cucTeMa ONpelessieT CYETHYI (QyHIAaMEHTaJbHYI0 CHCTEMY
okpecTHOCTeH equuuIpl Tpynnel G (cMm. [1] nmpennoxenne 2.3). Teopema noka3aHna.

VYciaoBre CYETHOCTH (YHIAMEHTAaJbHON CHCTEMBI OKPECTHOCTEH €IMHHUIIBI TPYIIIbI
03Ha4acT, 4YTO JIOKAJIbHAas TOIIOJIOIUsA STOM TpynIbl CHETHOTO BECA.

3akaouenue

VYkakeM B 3aKJIIOUEHHE, YTO JaHHBIH pe3yJabTaT MO3BOJIUT B AAJBHEUIIEM INpHMe-
HUTP €0 K M3YUCHUIO MYJIbTUIUIMKATUBHBIX TPy Toel (cM. [5]).
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ON GALOIS GROUP OF FIELD, GENERATED
BY A COUNTABLE SET OF ELEMENTS

Ponomarev K.N.
Novosibirsk State Technical University, Novosibirsk, Russia

The paper is concerned with the field theory. It is devoted to the investigation of interrelations
between infinite Galois extensions and corresponding profinite Galois groups. General relations
have been stated in the Galois theory. For instance, by using the primitive element theorem any
finite Galois extension of fields is generated by one element. So for finite extensions of fields
there is no relation between the least number of generating elements of the field extension and its
Galois group. However, for infinite field extensions the relation between the number of genera-
tions of field extension and the size of the Galois group is unknown. It is supposed that a minimal
number of generations is related to the local weight of its Galois group. The minimal power of
generating elements is studied, with emphasis being placed on a countable number of generated
extensions of fields. We prove that a normal extension of fields generated by a countable set of
elements is related to the countable topology of the profinite Galois group of this extension.

Key words: extension of fields, Galois group, profinite group, countable topology.
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