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A B S T R A C T

Introduction. In real production conditions, the technological modes recommended in the scientifi c literature 
do not refl ect the declared qualities, due to the fact that it does not take into account many factors inherent in the 
process of fi nishing grinding, for example, its stochastic nature, changes in its dynamic properties, an increase in 
mutual vibrations of the tool and the workpiece that appear due to changes in the state of the technological system, 
for example, an increase in vibrations machine tool due to uneven tool wear, etc. All previously developed models 
have a limited scope of application, it does not take into account the fact that the appearance of vibrations leads to 
fl uctuations in the depth of grinding, with accidental contact of grains with the material being processed, where 
one group of grains cuts off the material, the other gets into the trace of scratches left by previous grains, etc. This 
leads to changes in the values of material removal, surface roughness and other parameters of the technological 
system, which directly affects the accuracy of processing and the quality of the machined surfaces. The purpose of 
the work is to develop mathematical models that establish the relationship between the processing modes and the 
current parameters of the contact zone during the fi ne grinding of pinholes, taking into account the mutual vibrations 
of the tool and the workpiece. The research methods are mathematical simulation using the basic provisions of 
the theory of abrasive-diamond processing. Results and discussion. The interrelations between the cutting modes 
and the current input parameters of the contact zone when grinding pinholes are established, taking into account the 
mutual vibrations of the tool and the workpiece, which make it possible to determine the parameters of the system at 
the output to avoid cost losses, including reducing the number of defective products and time costs. Non-stationary 
mathematical dependences are constructed that allow determining the cutting modes during the implementation of 
the grinding cycle, taking into account the magnitude of relative vibrations and the initial phase. It is established 
that instead of a steady process, harmonic oscillations are observed caused by deviations in the shape of the circle, 
the intensity of tool wear and other factors, all of the above has a signifi cant impact on the quality of the machined 
surface. The obtained models are universal for various characteristics of the tool, however, for a more adequate 
description of the process, mathematical dependencies are needed that take into account the wear of the tool on 
various binders, which is the task of further research.

For citation: Bratan S.M., Chasovitina A.S. Simulation of the relationship between input factors and output indicators of the internal grinding 
process, considering the mutual vibrations of the tool and the workpiece. Obrabotka metallov (tekhnologiya, oborudovanie, instrumenty) = 
Metal Working and Material Science, 2023, vol. 25, no. 1, pp. 57–70. DOI: 10.17212/1994-6309-2023-25.1-57-70. (In Russian).
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Introduction

To date, the machine-building industry implements many methods of processing materials with high 
accuracy, including ultrasonic and laser processing, high-speed milling processes, as well as abrasive-
diamond processing operations, and specifi cally the internal grinding process. The grinding process has 
become widespread due to high effi ciency, low costs, along with its accuracy and the quality of the processed 
surface layer [1–7].
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Despite the wide variety of models describing the processes of abrasive diamond processing, there 
are practically no scientifically-based recommendations in the modern literature that make it possible 
to guarantee the receipt of the specified product quality parameters in non-stationary conditions of the 
technological process [8–12]. Therefore, a comprehensive study of the regularities of the surface geometry 
generation processes, the development of mathematical models will ensure the creation of highly efficient 
technological processes and optimal designs of abrasive tools on this basis.

The analysis of works in the field of grinding theory allows concluding that all existing models of 
abrasive-diamond machining processes can be divided into two classes. The first class (pulse models) 
includes mathematical dependencies that simulate the impact of single abrasive grains on the workpiece. 
The processed surface is formed as a set of grain traces, which in a section perpendicular to the direction of 
the cutting speed are identical to the profile of the radius of the vertex of the abrasive grain, for example, 
mathematical models, developed by I.M. Brozgol, D.V. Korolev, E.N. Maslov, Yu.K. Novoselov, V.A. 
Nosenko and others [13–17].

The second class (geometric models) includes mathematical dependencies that simulate the effect on the 
workpiece by a set of elementary cutting profiles. On this basis, work has been carried out on the mechanisms 
of surface roughness formation, for example, mathematical models developed by Yu.R. Witenberg, Yu.V. 
Linnik, S.A. Popov, V.A. Shchegolev, A.P. Husu and other scientists [18–23].

In real production conditions, the technological modes, recommended in the above-reviewed works, 
and reference literature do not reflect the declared qualities, due to the fact that it does not take into account 
many factors inherent in the process of finishing grinding, for example, its stochastic nature, changes in 
its dynamic properties, an increase in mutual vibrations of the tool and the workpiece, which appear due 
to changes in the state of the technological system, for example, an increase in machine vibrations due to 
uneven tool wear, etc. All previously developed models have a limited scope of application, it does not take 
into account the fact that the appearance of vibrations leads to fluctuations in the depth of grinding, with 
accidental grains contact with the material being processed, where one group of grains cuts off the material, 
the other falls into the trace of scratches left by previous grains, etc. This leads to changes in the values 
of material removal, surface roughness and other parameters of the technological system, which directly 
affects the accuracy of processing and the quality of the processed surfaces. To compensate for calculation 
errors in real production conditions, various technological approaches are used, for example, tools with 
soft binders are used, feed rates are reduced and other methods are used, which reduce the efficiency of the 
operation and increases the cost of manufactured products.

Advanced approach to problem is to continue research of grinding operations, (in particular internal), 
in the course of which it is necessary to identify and describe the relationship between input factors and 
output indicators of the process.

Based on the established relationships, it is necessary to build mathematical models that adequately 
simulate the grinding process, taking into account the mutual vibrations of the tool and the workpiece.

To date, one of the most time-consuming technological processes is the grinding operation. The amount 
of products where internal grinding was used as a finishing machining is not inferior to the amount of 
products, processed by the external method. However, internal grinding is more difficult due to the heavy 
flow of the machining process and the lower rigidity of the cutting tools.

In connection with the above, the purpose of this paper is to develop mathematical models that establish 
the relationship between the working modes and the current parameters of the contact zone during fine 
grinding of precise holes, taking into account the mutual vibrations of the tool and the workpiece.

Research methodology

The scheme of the finishing process of the hole (internal grinding) is shown in Fig. 
After inserting a workpiece into a chuck, the tool and the workpiece are set to rotate at a circumferential 

speed Vu and Vk accordingly. When moving the grinding head in the direction of radial feed Sy, the difference 
between the radius vectors of the workpiece and the tool becomes less than the center distance Ai, and an 
area of interpenetration of the tool into the workpiece material – the contact zone – is formed [24].
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In accordance with the dimensional scheme of the internal grinding process, shown in Fig., the 
displacement balance equation takes the form:

	 1i yi fi i i yiA S N t R r Aω -D = + = D - D + D + D ,	 (1)

where iAD  – current changes in the value of the center-to-center distance, due to the radial feed of the 
grinding head, m; yiS  – radial tool feed, m; N  – preload, m; fitD  – changing the actual cutting depth, m; 

iRD  – current tool wear, m; 1irω -D  – the amount of material removed before the current revolution, m; 

yiAD  – current change in elastic deformations.

During internal grinding, an uneven removal of the allowance is observed, a waviness is formed on 
the surface of the workpiece [25, 26]. Based on this, it can be assumed that not only the removal of the 
allowance will change according to the harmonic law, but also other parameters included in the balance 
equation of displacements.

For a visual demonstration of this phenomenon, the processing cycle by solving the displacement 
balance equation will be calculated [27, 28]. Initial data: the material of the workpiece is titanium alloy 
VT3, d = 150 mm, grinding head AW 60×25×13 63C F90 M 7 B A 35 m/s , circumferential speed of the 
wheel Vk = 35m/s, workpiece speed Vu = 0.25 m/s, radial feed Sui = 0.005 mm/r, number of grains per unit 
area ng = 15.86·106 pcs/m2, corner radius the grain vertex rg = 7.31·10-6 m).

Results and its discussion

When calculating the parameters of the penetration stage, the values of the transverse feed Sy1 = 5·10-6 m 
and preload N = 10×10-6 m are preset, according to the values, given in the reference literature [16]. 

Let’s perform the calculation of the first revolution:
1) Find the sum of the parameters of preload and cross feed:

6 6 6
1 1 5 10 10 10 15 10yA S N - - -D = + = ⋅ + ⋅ = ⋅ , m

2) Determine the increment of elastic deformations in accordance with the equation:

	 yi TS yA PD = ω ⋅ D ,	 (2)

Internal grinding process scheme
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where ωTS is a system compliance; ωTS = 30·10-9 m·N; DPy is increment of the normal component of the 
cutting force; DPy ≥ 0.

Let’s assume that there is no increment of the normal component of the cutting force at the first revolution 
DPy = 0, therefore, after substituting the parameter values into the formula, we get: 

1 0yAD = , m

3) Calculate the depth of micro-cutting.
On the previous revolution, there is no radial removal of the material Dr0 = 0.
Given the assumption that the wear of the grinding wheel on the first revolution is equal to zero,  

DR1 = 0, then the equation (1) is defined as:

6
1 1 15 10fA t -D = D = ⋅ , m

From here, the value of the depth of micro-cutting is calculated:

6 6
1 1 1 0 15 10 15 10f y ft S t - -= + D = + ⋅ = ⋅ , m

4) At the current revolution, the value of the radial removal of the material can be determined by the 
equation:

	
2

0,47 13

15 3 ( )

fi
i

u
fi

c k u g e g

t
r

V
t

K V V n D

ωD =
p p

+ + Y
+ r

,	 (3)

where Kc – chip formation coefficient, Kc = 0.85; Vu – the speed of rotation of the workpiece, m/s; Vk – the 
speed of rotation of the wheel, m/s; ng – number of grains per unit area, pcs/m2; rg – corner radius the grain 
vertex, m; De – equivalent diameter, m.

The equivalent diameter is calculated by the equation:

	 e
D d

D
D d

⋅
=

-
,
 
	 (4)

where D – diameter of the grinding wheel, m; d – the diameter of the workpiece, m.
After substituting the data into equation (4), we get:

150 60
0.1

150 60eD
⋅

= =
-

, m.

The value of the variable Y it will be calculated depending on the initial phase of the deviations.
For yy = 0×(2p) and yy = p:

2
2

2 3
2

0,5 1,5 3 2

15 2 sin 1
215 sin 2 15 sin15

16 32 2 2

u f
u u

f
e e e

A V t
A V A V

A t
D D D

ω
ω ω

ω

 γ  -   γ γ  Y = + + +
ω ω ω

or

2 22 3
2

0,5 1,5 3 2

15 1 sin ( )15 sin 2 15 sin15

16 32 2 2

u fu u
f

e e e

A V tA V A V
A t

D D D

ωω ω
ω

- γγ γ
Y = + + +

ω ω ω
,

If yy = p/2 and yy = 3p/2:
2

2
0,5

15 sin 215

16 32
u

f
e

A V
A t

D
ω

ω
γ

Y = -
ω

,
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where Aω – amplitude, µm; ω – cyclic frequency, rad/s; yy – the initial phase of vibrations; variable 
0,5 0,5( )f e

u

t y D

V

ω ⋅ - ⋅
γ =

, 
where y – the level in question.

At the initial phase of relative fluctuations yy = 0×(2p) and amplitude Aω = 0.2×tfi, ω = 628 rad/s material 
removal at the current speed, taking into account vibrations:

6 2
6

1 0,46 12

6 6

(15 10 )
5.89 10

7 13 0, 25
15 10 0.17 10

15 3 0.85(35 0.25)15.866 10 0.1 7.31 10

r
-

-
ω

- -
-

⋅
D = = ⋅

p p
⋅ + + ⋅

+ ⋅ ⋅ ⋅

, m

5) Calculate the thickness of the surface layer, in which the roughness is located, according to:

	 i fi iH t rω= - D , 	 (5)

When substituting parameter values into equation (5), we get:

6 6 615 10 5.89 10 9.11 10i fi iH t r - - -
ω= - D = ⋅ - ⋅ = ⋅ ,  m.

6) Calculate the cutting force as follows:

	 max max
1

sin
3 2 0.055 0.061

sinyi k g g g i e i g g sP L n h H D H h
 b

= r + r τ b 
,	 (6)

where Lk – grinding wheel height, m; hgmax – grain wear, hgmax = 10·10-6 m; b and b1 – cutting angles of 
abrasive material, b = 22° and b1 = 34°; τs – shear stress, N/m2.

The shear stress is defined as:

	
1, 5s
σ

τ = ,	 (7)

where σ – ultimate strength of the material, σ = 2·109 N/m2,

9
82 10

13.33 10
1.5s
⋅

τ = = ⋅ , N/m2

By substituting the data into equation (6), the cutting force is determined as:

3 6 6 6 6
1 3 2 25 10 15.866 10 7.31 10 10 10 9.11 10 0.1yP - - - -= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ×

6 6 6 80.3746
0.055 9.11 10 0.061 7.31 10 10 10 13.33 10 2.899

0.5591
- - - × ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ ⋅ = 

 
, N.

7) Clarify previously obtained calculated values Dtf1, Dr1, Py1.
The value of the increment of elastic deformations is determined as:

9 8
1 1 0( ) 30 10 (2.899 0) 8.698 10y TS y TS y yA P P P - -D = ω ⋅ D = ω ⋅ - = ⋅ ⋅ - = ⋅ , m.

The micro-cutting depth’ increment and the micro-cutting depth values are calculated, respectively as 
follows:

6 8 6
1 1 1 15 10 8.698 10 14.91 10f yt A A - - -D = D - D = ⋅ - ⋅ = ⋅ , m,

6 6
1 0 1 0 14.91 10 14.91 10f f ft t t - -= + D = + ⋅ = ⋅ , m.
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The amount of material removal will be:

6 2
6

1 0,46 12

6 6

(14.91 10 )
5.844 10

7 13 0.25
14.91 10 0.17 10

15 3 0.85 (35 0.25) 15.866 10 0.1 7.31 10

r
-

-
ω

- -
-

⋅
D = = ⋅

p p
⋅ + + ⋅

⋅ + ⋅ ⋅ ⋅ ⋅

, m

The thickness of the layer in which the roughness is distributed:

6 6 6
1 1 1 14.91 10 5.844 10 9.069 10fH t r - - -

ω= - D = ⋅ - ⋅ = ⋅ , m

The cutting load:

3 6 6 6 6
1 3 2 25 10 15.866 10 7.31 10 10 10 9.069 10 0.1yP - - - -= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ×

6 6 6 80.3746
0.055 9.069 10 0.061 7.31 10 10 10 13.33 10 2.884

0.5591
- - - × ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ = 

 
 , N.

8) The distance from the deepest valley to the midline of the profile is calculated according to:

	
2

fi i
mi

t r
W ω- D

= .	 (8)

Insert numeric values into the equation (8):

6 6
6

1
14.91 10 5.844 10

4.535 10
2mW

- -
-⋅ - ⋅

= = ⋅ , m

One of the final stages of calculating the parameters of the revolution under consideration is the 
comparison of the value Wm1 with the amount of Drω1,

1 1mW rω≤ D

4.535 × 10–6 ≤ 5.844 · 10–6.

Due to the fact that the value of Drω1 exceeds the value of Wm1, then the value of the arithmetic mean 
length of the profile Ra is determined as:

0.4 0.6
1

0.4 0.4 0.2 0.2

0,4 6 0.6
6

0.4 0.4 6 2 6 2

0.25

( )

0.25 0.25 (14.91 10 )
1.041 10 .

0.85 (0.25 35) (15.866 10 ) 0.1 (7.31 10 )

u f
a

c u k g e g

V t
R

K V V n D

-
-

-

= =
+ r

⋅ ⋅
= = ⋅

+ ⋅ ⋅ ⋅

Second revolution.
1) Find the sum of the parameters of preload and transverse feed:

6 6 6
2 5 10 10 10 15 10yA S N - - -D = + = ⋅ + ⋅ = ⋅ , m.

2) Determine the depth of micro-cutting:

6 6 6
2 1 5 10 14.91 10 19.91 10f y ft S t - - -= + = ⋅ + ⋅ = ⋅ , m.
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3) Calculate the value of the radial removal of the material at the current turn:

6 2
6

2 0.46 12

6 6

(19.91 10 )
8.513 10

7 13 0.25
19.91 10 0.24 10

15 3 0.85(35 0.25)15.866 10 0.1 7.31 10

r
-

-
ω

- -
-

⋅
D = = ⋅

p p
⋅ + + ⋅

+ ⋅ ⋅ ⋅

, m.

4) Calculate the thickness of the layer, in which the roughness is located:

6 6 6
2 2 2 19, 91 10 8, 513 10 11, 4 10fH t r - - -

ω= - D = ⋅ - ⋅ = ⋅ , m.

5) The cutting load at the current speed is equal to:

3 6 6 6 6
2 3 2 25 10 15.866 10 7.31 10 10 10 11.4 10 0.1yP - - - -= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ×

6 6 6 80.3746
0.055 11.4 10 0.061 7.31 10 10 10 13.33 10 3.789

0.5591
- - - × ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ ⋅ = 

 
, N.

6) More precise definition of the values of 2ftD , 2rD , 2yPD .

Increment of elastic deformations is:

9 8
2 2 1( ) 30 10 (3.789 2.884) 2.716 10y TS y TS y yA P P P - -D = ω ⋅ D = ω ⋅ - = ⋅ ⋅ - = ⋅ , m.

Tool wear at the current revolution can be calculated by the equation:

	 10.1i fiR t -D = ⋅ ,	 (9)

After substituting the values into equation (9) we have:

6 7
2 10.1 0.1 14.91 10 14.91 10fR t - -D = ⋅ = ⋅ ⋅ = ⋅ , m.

From equation (1) we determine the increment of the depth of micro-cutting: 

6 8 7 6 6
2 2 2 2 1 15 10 2.716 10 14.91 10 5.844 10 10.62 10f yt A A R r - - - - -

ωD = D - D + D - D = ⋅ - ⋅ + ⋅ - ⋅ = ⋅ , m

Calculate the value of the depth of micro-cutting:

6 6 6
2 1 2 14.91 10 10.62 10 25.53 10f f ft t t - - -= + D = ⋅ + ⋅ = ⋅ , m

Radial material removal:

6 2
6

2 0.46 12

6 6

(25.53 10 )
11.79 10

7 13 0.25
25.53 10 0.28 10

15 3 0.85(35 0.25)15.866 10 0.1 7.31 10

r
-

-
ω

- -
-

⋅
D = = ⋅

p p
⋅ + + ⋅

+ ⋅ ⋅ ⋅

, m.

The thickness of the layer, in which the roughness is located, is equal to:

6 6 6
2 2 2 25.53 10 11.79 10 13.74 10fH t r - - -

ω= - D = ⋅ - ⋅ = ⋅ , m

The cutting load is:

3 6 6 6 6
2 3 2 25 10 15.866 10 7.31 10 10 10 13.74 10 0.1yP - - - -= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ×

6 6 6 80.3746
0.055 13.74 10 0.061 7.31 10 10 10 13.33 10 4.774

0.5591
- - - × ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ = 

 
, N.
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6) The distance from the deepest valley to the midline of the profile:

6 6
2 2 6

2
25.53 10 11.79 10

6.87 10
2 2

f
m

t r
W

- -
ω -- D ⋅ - ⋅

= = = ⋅ , m.

Compare the values Wm2 and Drω2,

2 2mW rω≤ D ,

6.87 × 10–6 ≤ 11.79 · 10–6,

therefore, in the same way as in the previous revolution, we calculate the value of the arithmetic mean 
length of the profile Ra, m:

0.4 0.6
2

0.4 0.4 0.2 0.2

0.4 6 0.6
6

0.4 0.4 6 2 6 2

0.25

( )

0.25 0.25 (25.53 10 )
1.438 10 .

0.85 (0.25 35) (15.866 10 ) 0.1 (7.31 10 )

u f
a

c u k g e g

V t
R

K V V n D

-
-

-

= =
+ r

⋅ ⋅
= = ⋅

+ ⋅ ⋅ ⋅

For subsequent revolutions of the embedding stage and the steady-state processing mode (Sy = const), 
the balance of the system is calculated according to the above methodology.

No feed mode.
There is no transverse feed at this stage Sy = 0 and preload N = 0 [15]. But due to elastic deformations, 

the grains still cutting-in and, consequently, the metal is being removed tfs > 0.
The first turn. 
1) The amount of preload and transverse feed is:

.1 0 0 0NÀ S ND = + = + = , m.

2) Tool wear is:

6 7
.1 _ .0,1 0.1 35.52 10 35.52 10N f StR t - -D = ⋅ = ⋅ ⋅ = ⋅ , m.

3) Increment of elastic deformations is:

9
_ .1 _ .10 _ .9( ) 30 10 (6.257 6.257) 0y St TS y TS y St y StA P P P -D = ω ⋅ D = ω ⋅ - = ⋅ ⋅ - = , m.

4) Increment of the micro-cutting depth is:

7 6 6
_ .1 .1 _ .1 .1 _ .10 0 0 35.52 10 18.52 10 14.97 10f y N Stt A A R r - - -

ωD = D - D + D - D = - + ⋅ - ⋅ = - ⋅N N St , m.

5) The depth of micro-cutting is determined as:

6 6 6
_ .1 _ . _ .1 35.52 10 14.97 10 20.55 10f N f St f Nt t t - - -= + D = ⋅ - ⋅ = ⋅ , m.

6) Radial material removal is:

_ .1

6 2
6

0.46 12

6 6

(20.55 10 )
8.867 10

7 13 0.25
20.55 10 0.25 10

15 3 0.85(35 0.25)15.866 10 0.1 7.31 10

N
r

-
-

ω
- -

-

⋅
D = = ⋅

p p
⋅ + + ⋅

+ ⋅ ⋅ ⋅

, m

7) The thickness of the layer, in which the roughness is located, is equal to:

_ .1
6 6 6

.1 _ .1 20.55 10 8.867 10 11.68 10
NN f NH t r - - -

ω= - D = ⋅ - ⋅ = ⋅ , m.
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8) The cutting load is:

_ .1
3 6 6 6 63 2 25 10 15.866 10 7.31 10 10 10 11.68 10 0.1

NyP - - - -= ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ×

6 6 6 80.3746
0.055 11.68 10 0.061 7.31 10 10 10 13.33 10 3.902

0.5591
- - - × ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ ⋅ = 

 
, N.

9) The value of the distance from the deepest valley to the midline of the profile is:

_ .1

6 6
_ .1 _ .1 620.55 10 8.867 10

5.84 10
2 2N

f N N
m

t r
W

- -
ω -- D ⋅ - ⋅

= = = ⋅ , m.

Compare the values Wm_N.1 and Dr_N.1,
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The modes calculation continues until the value of the specified roughness Ra = 0.81·10-6 (m) is reached. 
The calculated data are given in Table 1: Pl. – plunge mode, St. – steady mode, N. – no feed mode. 

T a b l e  1

Calculated data

No. fitD fit iRD 1irω -D yiAD iH

1 2 3 4 5 6 7
Pl. 1 14.91·10–6 14.91·10–6 0 0 8.698·10–8 9.069·10–6

Pl. 2 10.62·10–6 25.53·10–6 1.491·10–6 5.884·10–6 2.716·10–8 13.74·10–6

Pl. 3 5.737·10–6 31.27·10–6 2.553·10–6 11.79·10–6 2.413·10–8 15.78·10–6

Pl. 4 2.617·10–6 33.89·10–6 3.127·10–6 15.49·10–6 1.964·10–8 16.56·10–6

Pl. 5 1.05·10–6 34.94·10–6 3.389·10–6 17.32·10–6 1.595·10–8 16.85·10–6

St. 1 0.389·10–6 35.33·10–6 3.494·10–6 18.09·10–6 1.372·10–8 16.95·10–6

St. 2 0.14·10–6 35.47·10–6 3.53·10–6 18.38·10–6 1.267·10–8 16.98·10–8

St. 3 0.05·10–6 35.52·10–6 3.547·10–6 18.49·10–6 1.225·10–8 16.99·10–6

N.1 -14.97·10–6 20.55·10–6 3.552·10–6 18.52·10–6 0 11.68·10–6

N.2 -6.88·10–6 13.66·10–6 2.055·10–6 8.867·10–6 7.062·10–8 8.451·10–6

N.3 -3.88·10–6 9.78·10–6 1.366·10–6 5.211·10–6 3.737·10–8 6.437·10–6

3.343·10–6
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The data obtained show that at the stage of the steady-state process, the value of the actual depth of 
micro-cutting varies according to the harmonic law and is not a constant value (Δtfi ≠ 0) in contrast to what 
is recommended to be taken in the classical calculation method [16]. 

The results of the calculations were verified by comparing the calculated and experimental data.
Grinding was carried out on a Knuth RSM 500 CNC machine, characterized by increased vibration 

resistance to external influences. Initial data: the material of the workpiece is titanium alloy VT3,  
d = 150 mm, grinding head AW 60×25×13 63C F90 M 7 B A 35 m/s , circumferential speed of the wheel  
Vk = 35m/s, workpiece speed Vu = 0.25 m/s, radial feed Syi = 0.005 mm/r, number of grains per unit area ng =  
= 15.86·106 pcs/m2, corner radius the grain vertex rg = 7.31·10-6 m).

After processing the profilograms taken from the machined blanks, the relative error of the calculated 
data with the results of the experiment was calculated. The data are summarized in Table 2. 

T a b l e  2

Relative error of calculations

No. fit 1irω -D
iH Relative error

exp
100 %H

H
H
D

δ =  , %calculated experimental

Pl. 1 14.91·10–-6 0 9.069·10–6 8.16·10–6 11.13
Pl. 2 25.53·10–6 5.884·10–6 13.74·10–6 12.53·10–6 9.6
Pl. 3 31.27·10–6 11.79·10–6 15.78·10–6 17.82·10–6 11.45
Pl. 4 33.89·10–6 15.49·10–6 16.56·10–6 18.88·10–6 12.29
Pl. 5 34.94·10–6 17.32·10–6 16.85·10–6 19.87·10–6 15.2
St. 1 35.33·10–6 18.09·10–6 16.95·10–6 19.9·10–6 14.82
St. 2 35.47·10–6 18.38·10–6 16.98·10–8 19.94·10–6 14.84
St. 3 35.52·10–6 18.49·10–6 16.99·10–6 19.97·10–6 14.92
N.1 20.55·10–6 18.52·10–6 11.68·10–6 12.73·10–6 8.25
N.2 13.66·10–6 8.867·10–6 8.451·10–6 9.3·10–6 9.13
N.3 9.78·10–6 5.211·10–6 6.437·10–6 5.73·10–6 12.34

3.343·10–6

A comparison of the calculated and experimental data indicates that the accepted mathematical models 
provide high accuracy of calculations (the relative error is less than 15 %) and make it possible to analytically 
determine the values of the output parameters of the internal grinding process, taking into account the 
influence of the relative vibration oscillations of the grinding wheel and the workpiece.

Conclusions

The interrelationships of processing modes with the current parameters of the contact zone when grinding 
precise holes are established, taking into account the mutual fluctuations of the tool and the workpiece, which 
allow determining the parameters of the system at the output to avoid cost losses, including reducing the 
number of defective products and time costs. Constructed non-stationary mathematical dependences allow 
determining cutting modes during the grinding cycle implementation, taking into account the magnitude of 
relative vibrations and the initial phase.

It is established that instead of a steady process, harmonic oscillations are observed caused by deviations 
in the shape of the wheel, the intensity of tool wear and other factors, all of the above has a significant 
impact on the quality of the machined surface.
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The obtained models are universal for various characteristics of the tool, however, for a more adequate 
description of the process, mathematical dependencies are required. These dependences should include  
tool wear value for various bond types. The aim of the further research is to determine mathematical 
dependences. 
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