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MopnynsipHast apupmMeTrka padoTaeT He C CaMHMM YHCIIOM, a C €ro OCTaTKaMH OT JIeJIeHHs Ha
HEKOTOpBIE IeJIbIe YHCia. B MOmyIbHOM cHCTEME CUMCIICHHS, MM CHCTEME CUMCIIEHHUS B OCTaTOYHBIX
KJIaccax, MHOIOPa3psAHOE LIEJI0e YMCIIO B IIO3UIMOHHON CUCTEME CUMCIICHHS IIPEICTABISIETCS B BUJIE
TIOCJIEI0BATETBHOCTY HECKONBKUX TTO3UIHOHHBIX YHCE. DTH YHCIIa €CTh OCTATKH (BBIYETHI) OT Jele-
HHSI HCXOIHOTO YUCIIa HA HEKOTOPBIE MOJYJIH, SIBISIOIINECS B3aUMHO HPOCTHIMHU uuciaamu. [Ipenmy-
IIECTBO MOJYJIIPHOTO MPEJCTABICHHS COCTOUT B BO3MOXHOCTH MPOCTOTO PACIapayIeuBaHUS BbI-
HIOJTHEHUSI OTIepallii CIIOKEHHUSI, BRIYUTAHHUS M YMHOXKCHUSL.

IMpn mnapayuiebHOM BBIIOJHEHHH apH(OMETHUECKUX ONepalyii IPHMCHEHHE MOJYJIBHOH
apu(pMETUKH MO3BOJISIET CYIIECTBEHHO COKPATUTh BpEMs BhIUMCIEHHH. TeM He MeHee eCTh psl Hello-
CTaTKOB MOJYJIBHOTO NPEACTABICHHS YUCEN, KOTOPbIe OrPaHMYHBAIOT BO3MOXKHOCTb €r0 HCIIOJIB30-
BaHus. K HUM OTHOCATCS MeIJIEeHHOE MpeoOpa3oBaHKe YHCEeNl U3 MOAYIBHOTO NMPEACTABICHHS B MO-
3HUIIHOHHOE, CJIOXKHOCTH CPAaBHEHUS YHCET B MOJYJIBHOM IIPEACTABICHHUH, TPYAHOCTH BBITOIHEHHS
OIepaluy AENEHNUs, CIOKHOCT ONMPENENICHUs] HATMYKs TepenoaHenus. Vcronabp3oBanue MOLyIbHOM
apU(QMETHKN OINPaBAAHO, €CIH CYIISCTBYIOT OBICTPBIC AITOPUTMBI BBIUHCIECHHS 4HCIa IO Habopy
OCTaTKOB.

B Hacrosimei cTaThe HpesCTaBlICH HOBBIM aJrOPUTM BOCCTAHOBJICHWS YHCEN M3 MOIYJIHEHOTO
(MOIyIApPHOTO) MPEICTABICHUS HA OCHOBE Pa3pabOTaHHOTO aBTOPAMH TI'€OMETPHUYECKOro MOAXOna
Ha [IPUMepe CHCTEM CpPaBHEHHH C IBYMs MoayssiMu. [lokazaHo, 4To B pe3yiibTaTe YBETHYCHUS YHCEI
B TO3HI[MOHHOM HCYHCICHHH OHM MOCIIEIOBATENIbHO MEHSIOTCS IO CIUpAIN Ha MOBEPXHOCTU HABY-
MepHoro topa. Ha ocHOBe maHHOTO noxxona ObUT pa3paboTaH OBICTPHII aJrOPUTM CPaBHEHHS YHCEI
W aJITOPUTM JUISl ONPEAEIEHHs MEPETIONHEHNS MPU CIOKEHUH W YMHOXXCHHH YHCEN B MOIYIHHOM
MpPEICTAaBICHUH.

PaccmoTpenue Ut MHOTOMEPHOTO CiTydast BO3SMOXKHO IIPH aHAJI3€ MHOT'OMEPHOTO TOpa M HC-
CJIeIOBAaHUH MOBEJICHNUSI BUTKOB Ha €0 MOBEPXHOCTH.

KnroueBblie ciioBa: MoxyibHas apuMeTHKa, CHCTEMa CPaBHEHHUH, B3aMMHO IIPOCTHIC UHCIIA,
MEpETNONHEHUE, CPABHEHHE YHUCEN, MOAYJb, CPABHUMBIE MO MOAYJIIO YHCla, KUTalcKas Teopema o0
OCTaTKax, HeperoHeHNE P apH()METHISCKUX ONEPALHIX

: Cmamus nonyuena 20 sansaps 2021 e.
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BBEJIEHUE

CyTb MonmynsipHOW (MJIM MOIYJIBHOM) apu(METHKH 3aKI04aeTcsl B MpOBele-
HUHU BBIYUCIIEHHI HE C YMCIOM « , MPEJCTaBJICHHBIM B IO3WIMOHHON cHCTeMe,

a C OCTaTKaMHu OT ACJICHUs YUCila Ha pa3JIMYHbIC LEJIbIC YUcCiIa m; [1—5]
bi =a mod m; (1)

3unas nHabop ocratkos (by,b,...b,), MOKHO B HEKOTOPOM JHMANA30HE OJHO-

3HAYHO MPEJCTABUTh U CAMO YHCIO d .

['maBHOE MOCTOMHCTBO MOIYJISIPHOTO TPEACTABJICHHSI COCTOHUT B IPOCTOTE
BBITIOJTHEHUSI U BO3MOXKHOCTH MPOCTOTO paclapaijieIMBaHUs BHITIOTHEHUS Omepa-
LUH CIOXEHUS, BRBIUUTAHUS U YMHOXEHUS [6]:

(by,by...0,) +(cy,¢y...¢,) =(by +¢;)modmy ,..., (b, +c,) modm,
(bl’bz"‘bn)_(cl’CZ"‘cn):(bl —cl)rnodml yaen ,(bn —cn)modmn (2)
(bl,bz...bn)*(CI,CQ...Cn)Z(bl -cl)modml PP (bl’l -cn)modmn

Hcnonp3oBaHue MOIynpHON apupMETHKH 00eCTieunBaeT 3HAYNTEIFHOE YCKO-
peHuc BBIYHCJIEHUH IIpyU apajiji€JIbHOM BBIIIOJIHCHUU onepaum‘/i. K YMCHBUICHUIO
00II1ero BpeMeHH BBITOJHEHHS IIPUBOIUT OJTHOBPEMEHHOE BBITIOJIHEHUE OTEPaInH,
KOTOPBIE CBSI3aHBI C Pa3HBIMHU MOJIYJISIMH.

Tem He MeHee ecTh HEeOCTATKH, OrPaHNYMBAIOIIIE MCIIONb30BaHNE MO IISIP-
HOT'O IMPEACTAaBJICHUA. K aum otHOCATCS:

® MEUICHHOE NpeoOpa3oBaHKUe YMCEN U3 MOIYJIHHOTO MPEACTABICHHUS B IO-
3UIMOHHOE;

® CIIOKHOCThH OIEHKH OOIBIIET0 WJIM MEHBIIETO YHCIa B MOJIYJIBHOM Tpel-
CTaBIJICHUH;

® TPYTHOCTH BBIITOJHEHHSI ONIEPAITUH JISIICHNUS;

® CIIOKHOCTH OTIPENIEIICHNS HAWYHS TTePETIOTHEHNS.

Takum 00pa3oM, UCIOJIL30BaHUE MOAYJIBHON apu(METUKU ONpaBIaHO, €Clid
CYIIECTBYIOT OBICTPBIC AJITOPUTMbI BEIYUCICHUS YUCIIA IO HA0OPY OCTaTKOB.

Ecnu nBy™m 1ieneIM unciaM @ U b OTBEYaeT OJMHAKOBBIA OCTATOK ¥ OT Je-
JICHUS. HA HEKOTOPOE ILIEJI0€ YHUCIIO, TO ATH YKCIA HA3bIBAIOTCA CPAaBHUMBIMHU IO
Monyito m. [l o6o3HaueHUs] CPAaBHUMOCTH YHCEN MCIONB3YEeTCs CHelraibHas
onepauus (= ):

a=bmodm. 3)

Haiinem perienre cucTeMsl:

X = bl (mod ml)

X =b, (mod my) @

X =b, (modm,)
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Ecmu uncna (my,my...m,) SBISIOTCA 63AUMHO NPOCMbIMU YUCIAMU, TO B

HEKOTOPOM JHamna3oHe, ONPEAEIeMOM KX IPOU3BEACHHEM, CYLICCTBYET €IWH-
CTBEHHOE pewenue [1, 2]:

X =M|Nb + MyNyby +...+ M, N,b, mod(mym,,...,m,), (5)

rae M u N onpeneneHsl U3 CIETyIONIHX yCIOBHIA:
mymy ...m, =M gmy (6)
M¢Ng,=1(modmy). (7)

Pemenne sBisieTcs eIWHCTBEHHBIM B JHAla30HE, KOTOPBIM oOImpeaessercs
IPOU3BEIECHUEM MOAYIIEH mymy,...,m,, .

Haxoxnenne X B dopmyse (5) Tpedyer n ymHOkeHHd u (n—1) omeparuii
CIIOKEHHS, BBIUYUCICHHS HEOOXOAWMO TPOU3BOIUTH C «IJUHHBIMIY) UYHUCIAMH
(c 6OMBPIIMM KOTMYECTBOM Pa3psoB, YEM MPEACTABICHUE OCTATKOB).

B crarbe nmpemuiaraeTcst HOBBIN aJITOPUTM CPaBHEHUS] MOAYJIBHBIX YUCEN U all-
TOPUTM OIpPEIeNICHUS MEPEIIOTHEHUS IPU apU(PMETHUECKUX ONEpaLUsiX Ha OCHOBE
NPEAJIOKEHHOTO aBTOPaMH I'€OMETPUYECKOro noaxona. PaccMoTpeHue BBINOJHS-
eTcs AJISl CUCTEMbI CPAaBHEHMH C JBYMS MOAYJISAMHU.

B xaudecTBe 3TanoHa B MHTEPPEPEHLMOHHBIX U3MEPUTEIBHBIX CUCTEMaX HC-
MOJIb3yeTCs JJIMHA BOJHBI JIA3€pHOTo n3nyudeHus. CiaecTBUEM ATOTO SIBIISETCS Tie-
PUOAMYHOCTD Ppe3yNbTaToB (ha3oBbIX M3MepeHui. Ecnm wuckirounTh (BazoByio
HEOJHO3HAYHOCTh, MOKHO YBEJIHMYNUTh JTUHAMHUYECKUil nuama3oH. B [7-9] mpuso-
JIUTCSL CTIOCOO AJIS1 BOCCTAHOBJICHUSI aOCOIIOTHBIX 3HAYCHUH M3MEpsIeMOol BEINYH-
HBI UHTEP()EPEHIMOHHBIMA METOAAMHU. DTOT METO/ C UCIIOIb30BaHUEM MOIYJIBHOM
apudmernku nonyqwn Hazpaane G—S-anroputm [10—-13]. [losToMy pa3BuTHE HaH-
HBIX METOJIOB UTPAET BaXKHYIO POJIb HE TOJIBKO JJIsI KOMIBIOTEPHBIX TEXHOJIOTHUI,
HO U JUIA pAJa HH)KEHEPHBIX 3a1ad.

1. BBICTPBIA AJITOPUTM OIPEAEJIEHUAA
HO3UINOHHOI'O YUCJIA 110 HABOPY OCTATKOB

PaccmoTtpum perienne cuctemsl CpaBHEHUI (4) A7l ABYX HMPOU3BOJBHBIX B3a-
UMHO mpocThiX Mopyned. Hanpumep: my =11, my =17. B nanHOoM ciyuae:

Ml =17, M2 =11, Nl =2, N2 =14. U3 (5) CJICayeT
X =17-2b +11-14 by mod(11-17) = 34 b; +154 by mod (187). (8)

Tabnmuna Bcex BO3MOXKHBIX PE3yJIBTaTOB OyJeT MMETh BHUJ, NOKA3aHHBIA Ha
puc. 1. Uncna, COOTBETCTBYIOIINE PELICHUSIM, yBenuunBatorces ot =0, m, —1 mo-

CJICOOBATCIIBHO 10 AUArOHAJISAM, ITOKA3aHHBIM Ha PUCYHKC.
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b2Jo [t J2 Ja Je [5 e [7 [8 o [10 [11 [12 T1a J1a 15 [1e

154|121 |88 |55 176 | 143 11Di?? a4 16513298 |66 |33
34 155|122 |83 |56 177 144 |11 |78 |45 166|133 | 100 |67

o

68 ‘35 | 155_123 90 |57 1?3_5145.112 73 _45 | 167 (134 | 100
102|169 |36 157|124 |91 |58 |17 (146|113 |80 |47 168 | 135
136103 |70 |37 158125 |92 |59 | 1801147 |14 |81 |48 \i\ 169

170/137]104[71 [38 159]126 93 |80 181]148[ 11522 [43
1711138110572 139 160|127|34 |61 28,182 |149[116 (83 |50

172)139 108 |73 [0 T [161] 12895 ez 183|150 [ 117 [3e
B5 |52 173 (140|107 |74 |41 5152 125]% &3 184 (151 | 118
11586 |53 174 1141 (108 |75 |42 | 163130 |97 |64 185 | 152

153[120[87 [54 [2ngl175142]109[76 |43 Thagf164]131]98 [65 126

FEEEEFEEEE

f —
=

Puc. 1. Tlopsimok mociie1oBaTeI-HOTO H3MEHEHHS YHCeT
Fig. 1. A sequential change order of numbers

Ecmn OpOAOIKUTH BBIACIICHHBIC Ha pHC. 1 JuaroHajii, To MOXXHO 3aMCTUTh,
YTO MPH CKIICHKE BepXHEH U HIKHEW CTPOK M JIEBOTO M MIPaBOro CTOJI0IOB 00pasy-
ercs Top [15], Ha HOBEPXHOCTH KOTOPOTO PEIICHHUs CUCTEMBI cpaBHEHMH (8) OymyT
BO3pACTaTh 110 CIIHUPAIHU (PUC. 2) OT HYJIA A0 mymi, .

Puc. 2. Bo3pacTtanue 4ucel mpu 0TOOpakeHUH
Ha TIOBEPXHOCTH IBYMEPHOT'O TOpa

Fig. 2. An increase in numbers when displayed
on the surface of a two-dimensional torus

Jlnst HaxoxIeHus peeHui (8) JOCTaTOYHO OINPENeINTh HaYaJIbHOE 3HAYCHHS
BHTKA Ha MOBEPXHOCTH TOPA M YKCJIA TOYEK Ha 3ToM BHTKe [16, 17].

Jns BeiOpanHOro npumepa pasmep Butka my =11. Uucno X MoxHO Haiftu
TaK:

X =nli]-m +by, €)

rae i=0,my —1.

Jlst Toro 4To0kI ONpPEeACTUTh YUCIIO BUTKOB, MOKHO BOCIIOJIB30BATHCS BBIpA-
KEHHUEM, ClielyeMbIM u3 (5):

n[i]=M2N2 imod(m1m2)=N2 iIIlOd(WQ), (10)

WIH JUIS1 KOHKpeTHoro cinydast (my =11, my =17)
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n[i]=14imod(17),

i=0,16.

(11

Ha puc. 3 npencrapieHbl HavyadbHbIE 3HAYCHUS BUTKOB 71[i], KOTOPBIC OMpe-

nensroTest BeipakenneM (11).

5 g [7 | |9

10 |11 |12

13 |14

15 |16

&

2 [1e 113 [0 |7

4 1 15

1215

6 13

Puc. 3. 3nauenns sutkoB n[i] . Ilepsast ctpoxa i = b, . Bropas ctpoxa —

HavYaJIbHBIC 3HAYCHUSA BUTKOB

Fig. 3. Turn values n[i] . The first line is i = b, . The second line

is initial values of turns

I[J'DI CTOJ'I6I_IOB AHaJIOI'M4YHO:

n[i]=2imod(11),

i=0,10.

OTI10’)kMM HadabHBIE 3HAUYCHUS BUTKOB (pHC. 4).

b2lo 1 J2 |3

4

[s Tse [7 [8 o [10 [

12 [13 [14 [15 [1e

(12)

pifo e [1nfa |5 [2 w307 [ [+ [152]s [6 |3 €—"1CNno BuTKOB
B E 15412188 |55 176143 110| 77 |24 165[132/93 |66 |33
1 |6 J3¢ [INJ155[122[89 |56 |2 177|144 [111 |78 |45 |YR_| 166|133 10067
2 |9 |es |35 [>J1s6]123|90 [57 [2e[178]145 112] 79 | (167138 |11
3 [12]102]6s |36 NJ157]12¢ |91 [se [25\[179]146] 113 20 [47 T™ 18]

s |15]138 10370 [37 158|125 |92 |59 |28 180|147 11481 |48

'5 |1 |1z00137]104]71 T3a PN J159]126 ]33 |60 181 148] 11582 |

6 |4 72 |39 160]127]94 |61 182|143 11683 |50
7 |7 16|73 [20 [ [161[128]95 [62 |20 183[ 150|117 |e4
g [0 1ofi07]7¢ (@1 [162]129] 96 |63 [el184 151|118
9 |13 174|141 10875 | [163]130]97 (64 w185 152
[10 12087 |54 | 2ng]175 142109 164[131]58 |65 [dag/186

N
Yucno suTrOB

Puc. 4. I3menenne yucen B TabMnuIle pelieHW, HAYWHAs C HAYAJIBFHOTO 3HAYe-
HUS BUTKA (3HAUEHHSI BUTKOB — BTOpas CTPOKAa W BTOPO#l cronbOer B TaOmuIle
perieHuit)

Fig. 4. Changing the numbers in the decision table, starting from the initial value
of the iteration (the values of the iterations are the second row and the second
column in the decision table)

Uucima X Ha puc. 5 m3MeHstoTes oT Hys 1o 186 (8). Uucno BUTKOB #1[i] m3-
MEHSETCS OT HyJIs A0 16, T. €. MaKCUMAaJIbHOE YHCIIO BUTKOB PaBHO 16.

Tak kak TabmuIa MPSIMOYTONbHAS, TO HEKOTOPhIE BUTKH, 3HAYSHHUSI IJIs1 KOTO-
pbIX by —b; <0 (Hanpumep, BUTOK 1), 3aKaHYMBAIOTCS HA IIPABOM CTOJIOIE U IPO-
JTOJDKAIOTCS Ha HYJICBOM CTOJIOIE, HAYMHAS CO CIIeayromei cTpoku (puc. 4). B Ta-
KOM ciiy4yae TaOJUIly pelICHUH MOXHO MPEACTaBUTh B BUJE, B KOTOPOM 3HAUCHUS
Pa30pBaHHBIX BUTKOB CUMMETPUYHO OTOOPaKAIOTCS OTHOCUTEIILHO TJIABHOH Iua-
roHanu (puc. 5).
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0J14 |1 (8 |5 |2 6|13 |10 |7 |4 |1 (15|12 |9 |6 |3 &—Hu1cno BUTKHOB
|3 [N[15¢[121]88 [55 |22 [176]143|110[77 |44 [¥[165]132[99 |65 [33

1132!0 102 J3 Ja Is 6 [7 [8 [s T1o 11 [12 13 14 [1s [16 [17 [18 [19 [20 [21 22 [23 [24 [25 |26
b1
0

65 |3 165|122 (89 |56 |23 177|144 11178 |45 |Y_|166 133|100 67 |34
3 |68 |35 156|123[90 |57 |24 |178 145|112 (79 |46 167|134 [101]68 |35
12|102]e9 |36 157|124[91 |58 |25 |178|146|113[80 |47 168 [135[ 10263 |36
15[136[103 |70 [37 [N [158[125[s2 [50 |26 180 1471181 [48 | [169[136[103[70 [37 @
170|137 [10¢ |71 |38 15312693 [0 [27 [181]148[115]82 a9 1% J170[137] 104 [71 |38
4 171138105 |72 |39 160[127[94 |61 |28 |182|149|116 |83 [50 171|138 [105] 72 39
7 [ 172[139 106 |73 |40 161]128]95 |62 |29 [183[150 11784 51 172 133]106|73 |40
10]es |52 173|140 107 |74 |41 162|129]96 |63 [30 |124[151|118]es |52 173|140 10774 |41
64
98

13[11s]es |53 174|141 108 |75 |42 163|130 97 1 [18s [152[ 113 [es [53 174)141[108[75 |42 |
153[120 (87 |54 [2W]175[142[109[76 [43 Tva_[164[131[38 [65 [32 186|153 [120[87 [54 [2w]175]142] 10976 [43
~

YUcno BUTHOB

W oo~ || b R =
ury

5

Puc. 5. Ilponomkenne Tabnuipl pemieHni (BbIAEIEHbl HyJICBOH U TIEPBbIH BUTKH)

Fig. 5. Continuation of the decision table (zero and first turns are highlighted)

Yucno BUTKOB MOKHO OIIPEEIUTD 0 MOIYJIbHOMY pencraBieruto (b, by):
l’l[bl,bz]:Nz(bz—bl)mOd(l’l’lz), €Cin b2—b120; (13)

n[bl,bz]:Nz(bz—bl +m2)m0d(m2), eci b2_b1 <0. (14)

Hanpumep: m; =11, my =17, N, =14.
by—-b =0

X =27 = (5, 10)
n(by,by) =N,(by —by) mod(my)=14-(10-5) (mod17) = 2
X =n[b;,by]-m; +b; =2-11+5=27
X =46 = (2, 12)
n(by,by) =N,(by —by) mod(m,)=14-(12-2) (modl17) = 4
X =n[b;,by]-m; +b; =4-11+2=46
by—b <0
X =36 =3, 2
n(by,by) =N, (by —by + my)mod(my)=14-(2-3+17) (mod17) = 3
X =n[b,by]-my +b =3-11+3=36
X=69 =31
n(by,by) =Ny(by —by +my) mod(my)=14-(-2+17) (mod17) = 6

X =nlby,by]-my +b; =6-11+3=69
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C TOYKM 3pEHHS YNPOIICHHUS] YHUCIO BUTKOB MOXHO TOCYUTATH TOJNBKO OJMH
pa3 u 3ammMcaThb B OJHOMEPHOM MAacCHUBE pa3MepoM mi, (puc. 6). MHaexkc B 3TOM

MaccuBe Oynet onpenensatbest Kak (by —by) uwim (by —by +my) (13, 14).

Ha puc. 6 BugHO, 4TO, 3HAsT YHUCIO BUTKOB Ha TOpe (pHUC. 3), MOXKHO OIpee-
JIUTh U CAMO YUCIIO X:

Xz(bl,bz)zn(bl,bz)'ml+b1, (15)

TIC n ABIISICTCA YKMCIIOM BUTKOB.

2. CPABHEHME YHUCEJI B MOAYJbHOM IIPEJICTABJIEHUHU

Jli1st Toro 9TOOBI CPAaBHUTH JIBA YHICIIA B MOAYJISIPHOM TMPEACTABICHUH BBIUHC-
JIIETCS] YMCJIO BUTKOB. ECIIM YMCII0 BUTKOB [JIs OJHOTO M3 YKCEN OOJBIIE, YEM IS
JIPYTrOro, TO TaHHOE YKCII0 HECOMHEHHO OOJIBIIIE.

Hanpuwmep:

by =020
X =27 = (5,10) > n(b;,by) = 2
X =46 = (2, 12) > n(b;,by) = 4

(2, 12)> (5, 10)

bz — bl <0

X =36 = (3, 2)> n(b,b,) =3

X=69 = (3, 1)> n(b,by) =6

G, D>G,2)

Ecnu 4ncino BUTKOB OAMHAKOBO, ONIPEJEIACTCS MOJIOKEHHUE YHCia Ha pacilu-
PEHHOI TraroHany (1o BeauduHe b ).

Hampumep:

X =13 = (2,13) > n(b,by)=1 b =2

X =19 = (8, 2)> n(b;,by)=1 b =8

8, 2)>(2, 13)

Tak, cpaBHeHUE 4ucel B MOILYJSAPHOM IIPEICTABICHUM BBIIONHAETCA 10CTa-
TOYHO IIPOCTO.

IIpn crnoxeHMM WM yMHOKEHMH MOXKET HACTYIUTH mepemnoJnenue. Ilepe-

MOJJHEHUE BO3HHMKAET, €CIU B pe3yJbTaTe BBHINOJHEHHS apUPMETUUECKOro HeH-
CTBHS YHCIIO MPEBHIILIACT MAaKCUMAaJIbHOE.

3. ONPEJAEJIEHUE HEPEINIOJIHEHUSA 1TPU CJIOKEHUU
YUCEJ B MOAYJbHOM INPEJACTABJIEHUA

PaccmoTpum ormrepartuio cioxeHust (2).
[Ipu crnoxeHUM ABYX 4YMCENl B MOAYJIHHOM MpeacTaBieHuu (15) ¢ mcmosin3o-
BaHHEM TI0CYETa YUCIIa BUTKOB
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I’l(bl,bz)'ml +b1 +}’l(Cl,Cz)'m1 +Cl z[n(bl,b2)+n(b1,b2)]+b1 +Cl . (16)

Ecnmu yuutsIBaTh, 4T0 b) + €] MaKCUMaIbHO U3MEHSIOTCA OT Hyis o (2my —1),

TO CJIOKEHHE 3THX YHCENI MOXKET IIPUBECTU K yBEJINUCHHIO YHCIIa BUTKOB Ha 1.

Tak, mpu CIOXKEHHM BYX YHCEN B MOJIYJIBHOM HPE/ICTAaBICHUU HEpernoHe-
HME HACTYNUT B CIEIYIOMINX CIydasx:

1) ecu cyMma dmciIa BUTKOB OOJIbIIIE MAKCUMATIbHOTO YHCIIA BUTKOB;

2) ecin by +c¢; 2my, TO K CyMMe 4HCIa BUTKOB 100aBisgeTcs 1, a aTa cymma
IPEBBIIAET MAKCUMAIbHOE YUCIIO BUTKOB.

Paccmotpum mpuMepsl, MpencTaBiIeHHbIe B TadauIe. MakCUMabHOE YHCIIO
BUTKOB HE MOXKET MPEBBIATH 16.

CJi0:keHHe Yucesa B MOAYJBbHOM IPEACTABJICHUH

Addition of numbers in modular representation

11+16 =27 (0,11) +(5,16) =(5,27) = (5, 10)
1 1 2

21421 =42 (10,4) + (10,4) = (20, 8) = (9, 8)
1 1 3

Uucno BUTKOB 143 +43 =186 (0,7) +(10,9) = (10, 16)

13 3 16

144 +43 = 187 (1,8) +(10,9) = (11, 17) =(0, 0)
13 3 0

B Tabmune npepcTaBieHbl 3HAUCHUS YUCEN B MOJYJIbHOU (hopMe M 3HAYCHHS
BUTKOB. [lomy>KupHBIM MIPUGTOM BBIACIEHBI NMPUMEPHI CIOKEHUS YHCEN, KOTraa
HACTYIaeT MeperoiHeHNe.

PaccmoTpum, kak onpeaenuTh NepenoHeHrue TP YMHOXKEHHUH.

4. ONIPEJAEJIEHUE NNEPEINNOJIHEHMS ITPU YMHOXKXEHHUH
YUCEJ B MOAYJbHOM INPEJACTABJIEHUN

Paccmotpum omepannto ymHoxkeHus (2). Ilpu ymMHOXEHHH B MOIYJIHHOM
MPEICTaBICHUU UMEEM

[n(by,by) - my +by ) [m(ey ) -my + ¢y =
=[n(by,by)-nlcy,cy)-my-my +n(cy,c) by -my +n(by,by) - ¢ -my +byey Jmod my =
=n(by,by)-n(cy,cp)-my+n(cp,cp)-bin(by,by) ¢ +bjey =npmy + by, (17)
/1€ YMCII0 BUTKOB OyeT

ny, =n(by,by)-n(cy,cy)-my +n(c,cp)-by +n(by,by)-cy. (18)
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Tak, mpu yMHOKEHUH JIBYX YHCEN B MOAYJIbHOM IPEJCTABICHUH TIE€PEIOIHE-
HHE HACTYNUT B CIIEAYIOMHUX CITyYasx:

1) ecnu pe3ynbTUPYIOIEE YHMCIO BHTKOB OOJIbIIE MaKCHMAJIbHOIO 4HCIIA
BHTKOB;

2)ecmu bjcy 2my, TO K CyMMe YHClIa BHTKOB J00aBISIeTCS LeNas 4acTh

int [b101 / ml] , 1 9Ta CyMMa IPEBhIACT MAaKCUMAJIbHOC Y1CJIO BUTKOB.

Hampumep:
12-13 = 156 (1,12)-(2,13) = (2,3)
b101<ml 2<11

n(1,12)=1  n213)=1 n(2,3)=14 >n,=11+1+2=14.

B HO,I[O6HOM CJIydac NEeperoOJIHCHU HE BO3HHUKACT.
51-14 = 204  (7,0)-(4,4) = (6,0)
by >my 28>11 int[28/11]=2

n(7,00=1  n(44)=0 n(6,0)=1 —>n,=16+2>16.
Bosnukaer MEPETOJIHCHUC.

3AKIIOYEHHUE

Hcnonp3oBanue MOIyIbHOW apu(PMETHKH MO3BOJISIET JIETKO pacnapaljienTh
BBITIOJTHEHUE ONEpaluii, YT0 MPUBOIUT K PE3KOMY COKpAILEHHIO 00IEro BpeMeH!
BbIuncieHnii. KpoMe Toro, ncnonab3oBaHue MOAYJIBHBIX ONEpaluil MO3BOJISET CO-
KpaTuTh pa3Mep pa3psAAoB YUCEN, YTO IPUBOIUT K YHPOLICHHUIO BBIYUCIUTEIIBHBIX
YCTPOMCTB.

OCHOBHBIMHM HEAOCTaTKaMH MOJYJIBHOTO IPEICTaBJICHUS YHCIA SBISIOTCS:
MeIJICHHOE Mpeo0pa3oBaHue YHMCEN U3 MOAYJIBHOIO MPEACTaBICHUS B MO3UIMOH-
HOE, CJIOKHOCTb ONPEAETICHUs OONBLIET0 WM MEHBIIEr0 YHCia B MOAYJISIPHOM
MIPEJCTABICHUH, CIOXXHOCTh MPOBEPKU BO3HHKHOBEHHS INEPETIOIIHEHUS B PE3YJib-
TaTe MaTeMaTHYECKUX ONepaLuil.

B crathe paccMOTpeH OBICTPBIM aJrOpUTM BOCCTAHOBJICHMS YHCEN U3 MO-
IyJBHOTO TPEACTABICHHUA HAa OCHOBE INPEACTaBICHUS PEIICHUN CHUCTEMBI CpaBHE-
HUHl B BUJIE TOpa. DTO MO3BOJIAET YNPOCTUTH BOCCTAHOBIEHHUE YHCEN C MTOMOIIBIO
HaXOK/ICHUs YKciIa BUTKOB U ONPEAEICHUS MOJIOKEHNS YHCIIa Ha 3TOM BUTKE.

Ha ocHoBe aToro nomxoma pa3pabotaHbl OBICTpEIE aJTOPUTMbI CPABHEHHSI YH-
CeJI U aJITOPUTMBI ONpeEeHHs NEPENOIHEHUS NIPU CIIOKEHUN U YMHOKEHUHU YH-
cell B MOZLyJIbHOM IIPEJICTaBIICHUH.

Ilepexon k MHOTOMEPHOMY CIIy4ar0 BO3MOXKEH IIPH PACCMOTPEHUM [IOBEJCHNUS
BUTKOB Ha MMOBEPXHOCTH MHOTOMEPHOTO TOpa.
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Abstract

The method of modular arithmetic consists in operating not with a number, but with its
remainders after division by some integers. In the modular number system or the number sys-
tem in the residual classes, a multi-bit integer in the positional number system is represented as
a sequence of several positional numbers. These numbers are the remainders (residues) of di-
viding the original number into some modules that are mutually prime integers. The advantage
of the modular representation is that it is very simple to perform addition, subtraction and mul-
tiplication operations.

In parallel execution of operations, the use of modular arithmetic can significantly reduce
the computation time. However, there are drawbacks to modular representation that limit its
use. These include a slow conversion of numbers from modular to positional representation; the
complexity of comparing numbers in modular representation; the difficulty in performing the
division operation; and the difficulty of determining the presence of an overflow. The use of
modular arithmetic is justified if there are fast algorithms for calculating a number from a set of
remainders.

This article describes a fast algorithm for converting numbers from modular representa-
tion to positional representation based on a geometric approach. The review is carried out for
the case of a comparison system with two modules. It is also shown that as a result of increas-
ing numbers in positional calculus, they successively change in a spiral on the surface of a two-
dimensional torus.

Based on this approach, a fast algorithm for comparing numbers and an algorithm for de-
tecting an overflow during addition and multiplication of numbers in modular representation
were developed.

Consideration for the multidimensional case is possible when analyzing a multidimen-
sional torus and studying the behavior of the turns on its surface.

Keywords: modular arithmetic, comparison system, coprime integers, overflow, compar-
ison of numbers, module, numbers comparable in absolute value, Chinese Remainder Theorem,
overflow during arithmetic operations
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