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A B S T R A C T

Introduction. One of the dynamically developing areas of increasing the effi ciency of CNC machines is 
associated with the use of the synergetic concept in determining the CNC program. The principle of compression-
expansion of the dimensionality of the state space is used. Subject. On the example of the workpiece machining, the 
stiffness parameters of which are a function of the toolpath, all stages of control synthesis, which ensures the mutual 
consistency of dynamic subsystems, including the cutting process, are described in the paper. The aim of the work 
is to determine asymptotically stable machine actuator toolpath, given by CNC program parameters, from the set 
of paths, for which the condition of minimum wear intensity is fulfi lled. Method and methodology. Mathematical 
modeling of the controlled cutting system, which is based on the principle of compression-expansion state space, 
is presented. When the dimension of the state space is expanded, the model of the dynamic cutting system includes 
all elements from the CNC system that programs the motion of the actuating elements to the elastic deformations 
of the tool, which interacts with the workpiece through the connection formed by the cutting process. The dynamic 
coupling integrates the subsystems into a single coupled control system. In this space, the desired shaping motion 
path of the tool tip relative to the workpiece is constructed, which should be the attractor of the entire state space. 
The transformation of the desired motion path into an attractor characterizes the procedure of compressing the 
dimensionality of the state space. It is supposed that it is possible to control the motion trajectories of the actuators 
within the bandwidths of the servomotors. Results and Discussion. The analysis of the stability of the cutting 
process is performed; the example of the effi ciency of a NC program on the basis of the synergetic paradigm is 
presented. It is shown that by coordinating the external control with the internal dynamics of the system it is possible 
to increase the effi ciency of a part production up to two times in machine time.

For citation: Zakovorotny V.L., Gvindjiliya V.E., Fesenko E.O. Application of the synergistic concept in determining the CNC program 
for turning. Obrabotka metallov (tekhnologiya, oborudovanie, instrumenty) = Metal Working and Material Science, 2022, vol. 24, no. 4, 
pp. 98–112. DOI: 10.17212/1994-6309-2022-24.4-98-112. (In Russian).
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Introduction

Problem Statement. Many problems of the dynamics of technical systems began to be considered 
taking into account its system-synergetic analysis [3–7] after the publication of the works of H. Haken 
and I. Prigozhin [1, 2]. The system-synergetic approach has also been used to explain many phenomena in 
cutting and friction processing [8–10]. At the same time, in the last decade, the scientifi c community pays 
great attention to the development of a virtual model of machining processes on metal-cutting machines 
[11–30]. These models are intended for use at the stage of technological preparation of production of parts 
with a complex geometric profi le. Complex shape parts are defi ned as those that require simultaneous 
changes in the longitudinal and transverse slide paths, as well as parts that change properties along the paths 
of the machine’s executive elements (TEE).
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The following steps are included in the basis of the structure of the synergistic processing control con-
cept [3–7]. First, the control goal is formulated as the production of a batch of parts of a set quality while 

minimizing the reduced cost of its production. Secondly, the desired path   (3)
0 1,0 2,0 3,0, ,  

PF F F FL L L L R  

and the corresponding vector of velocities of forming motion   (3)0
0 1,0 2,0 3,0, ,   

dt

F PF F F FdL
V V V V  R  

  (3)
1 2 3and , ,   

dt

F PF F F FdL
V V V V

 
 


 


R  are determined, at which the requirements to the quality of 

parts are satisfi ed while minimizing the intensity of tool wear (Fig. 1, a).

b
Fig. 1. Controlled dynamic cutting system (a) and drawing 

of the “basic” part (b)

a
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The space (3) R  is defi ned by the directions of TEE motion, which are set by the CNC system. The 

shaping motion path is understood as the sum of the paths of the TEE, vector   (3)
1 2 3/ , ,  

P
L L L L R , and 

the paths of the deformation displacements of the tool – vector   (3)
1 2 3/ , ,  

P
X X X X R , and the work-

piece – vector   (3)
1 2 3/ , ,  

P
Y Y Y Y R  Consequently (F) – –L L X Y . The paths L and 

  (3)
1 2 3

dL
, ,  

dt

P
V Y Y Y  R  are defi ned by the NC program. The deformation displacements X and Y are 

considered in the motion coordinate system given by TEE. If X = 0, Y = 0, then (F)L L . The velocities 

 ( )
1 2 3, ,

Px
X X X

dX
v v v v

dt
   and  ( )

1 2 3, ,
PY

Y Y Y
dY

v v v v
dt

   are also considered.

Thirdly, such coordination of the terminal path with the paths of the state space is provided, under which 
L, X, Y are asymptotically stable; – in this case 0L

F  is an attractor. The difference between the synergistic 

paradigm of NC program synthesis and the traditional one is its defi nition based on the mutual agreement 
of all subsystems and the provision (F)(F)

0L L  of the property of attraction of the entire state space. In ad-

dition, the conditions (F)L  , dictated by the quality requirements of the parts, should be met. And the 
dynamics of the system is taken into account as a whole.

Therefore, we rely on research in the fi eld of cutting dynamics [24–43] to develop a synergistic ap-
proach to the machining processes control. There is a far from complete list of works on the dynamics of 
cutting. In spite of many works on the dynamics of cutting, it considers some particular models of the rep-
resentation of cutting forces in the coordinates of an elastic system. The following ones are analyzed: buck-
ling collapse conditions, formation of different attractors of deformation displacements of the tool and 
workpiece. It is necessary to analyze the dynamic system as a whole when solving the problem of synergis-
tic synthesis, including determination of the desired path (F) (F)L   and corresponding paths L(F), X and 
Y. Here ℵ(F) – is the set of admissible variations of L(F). The paper discusses all the stages of synergistic 
control of turning parts, the stiffness parameters of which change along the tool path: the methodology of 
creation (F)

0L  and its asymptotic stability. An analysis of the effectiveness of synergistic control is pre-

sented on a specifi c example of manufacturing a “basic” part, the drawing of which is shown in Fig. 1, b.

Research methodology

Determining the desired path of the forming motion. When analyzing the system, it is advisable to 
use the principle of motions breaking down into “slow” ones, lying within the bandwidth of the motors of 
the machine’s executive elements, and “fast” ones, determined by the dynamic properties of the tool and 
workpiece subsystems. Its use is based on the asymptotic properties of nonlinear differential equations 
with small parameters in the derivatives [44, 45]. Moreover, the subsystem of “fast” motions is considered 
in variations with respect to the paths of “slow” motions. If the subsystems are asymptotically stable, the 
path of the “slow” motions becomes an attractor. Typical for practice is the case when TEE are given and 
controllable within the servomotor bandwidths. Then we have the following equation of dynamics [40]:

 
2

( ) ( ) ( ) (0)1 1
1 12

( ;

( ) ,Y Y Yd Y dY
m h c Y F

dtdt


  





   


2

2
d X dX

m h cX F L, V,X,Y)
dtdt

L, V,X,Y

 (1)
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where m = [ms], ms = m, s = 1, 2, 3 kgs2/mm; h = [hs,l], kgs2/mm, c = [cs,l] kg/mm; s,l = 1,2,3 – are symmet-
ric, positively determined matrices of inertial, velocity, and elastic coeffi cients. The subsystem of the work-
piece has stiffness in the direction of its rotation axis by an order of magnitude greater than in other direc-
tions. In the plane Y1–Y2 it has full symmetry. Therefore, in this plane any orthogonal coordinate system is 
the main one. Then the force F1 corresponds to the deformations only in the direction Y1 [48]. The force F 
[4] can be represented in the form (0)

1 2 3 1 2 3{ , , } { , , }F F F F    F . It is convenient to consider the follow-

ing representation of modes (feed SP(p), depth tP(p) and cutting speed VP(p)):

2 22( ) ( ) ( ) ( ) ; ( )
t

P X Y P
t T

S t V v v d V t


        
 

 
3 2 1 1 1( ) ( ); ( ) / 2 ( ),X Y PD v t v t t t D L X Y          (2)

where T = (Ω)–1 is turnaround time, sec; D – diameter, m. If X = 0, Y = 0, then (0)
PS , (0)

Pt , and (0)
3 = DPV V   , 

are traditional modes. Then the model of relation of the force F(0)
 with the system coordinates has the equa-

tion [46, 47]:

    3 2

(0)(0) (0) (0)
3 1 1 2/ 1 exp ( ) ( ) ( ) ,

t

X XP
t T

T dF dt F V v t X Y V v d


                    (3)

where ρ – chip pressure on the leading edge of the tool, kg/mm2; μ – dimensionless coeffi cient; ζ – steep-
ness parameter of forces, sec∙m-1; T(0) – chip time constant, sec. If L, V are set, then systems (1)–(3) allow 
to determine X, Y, and L(F). If (F) (F)L  , then L, V determine CNC program. Otherwise, it is necessary to 
ensure the asymptotic stability of the resulting path and to choose L, V or available variations of the param-
eters so that the condition (F) (F)L   or (F)(F)

0L L  is satisfi ed.

To calculate L, V, at which (F) (F)L   is provided, let us use the principle of motions breaking down. 
First, a set of paths (F) (F)L   in “slow” time are defi ned; then in this set we choose those for which the 
trajectories of “fast” motions are asymptotically stable, and among them those for which the wear intensity 
is minimal. To determine the desired path of the “slow” motions, consider the values L, V averaged over the 
period of rotation of the workpiece. For this purpose, (1) and (3) are considered in the slow discrete time 
T = (Ω) – 1:

 C(iT) Z(iT) = F(iT) (4)

where

Z(iT) = {X1(iT), X2(iT), X3(iT), Y1(iT)}T; F(iT) = ρ0tP
(0)SP

(0)(iT){χ1,χ2,χ3}
T;

(0) (0)
1,1 0 1 2,1 3,1 0 1

(0) (0)
1,2 0 2 2,2 3,2 0 2

(0) (0)
1,3 0 3 2,3 3,3 0 3

(0) (0)( )
0 1 0 1

( ) ( )

( ) ( )
( )

( ) ( )

( ) 0 0 ( )

P P

P P

P P

Y
P P

c S iT c c S iT

c S iT c c S iT
iT

c S iT c c S iT

S iT c S iT

     
 
        

     
 

      

Ñ , 0 31 exp( )V       

In (4) 0
1

i s

i
iT L




  (Fig. 1). From (4) 0.5ΔD(iT) = X1(iT) + Y1(iT) is calculated. During processing it is 

required to ensure the condition ΔD(iT) = const [51–55]. Let us determine ΔD(iT) from (4):
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 (0) (0)( ) 2 X Y
P PD iT t S

  
 


 (5)

where

(0) (0)
1,1 0 1 2,1 3,1 0 1

(0) (0)
1,2 0 2 2,2 3,2 0 2

(0) (0)
1,3 0 3 2,3 3,3 0 3
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(0)
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0 1 1
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( )

( ) 0 0

P

P
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P
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 
        

    
 

    

.

An analysis of equation (5) shows that, depending on ΔD(iT), there is a branching of solutions SP
(0)

(iT). Moreover, there are areas in which there are no real solutions. It all depends on the ratio of stiffness 
of the workpiece subsystem c(Y), matrix elements c and allowable values ΔD(iT) for given values of the 
allowance tP

(0). In the case if c → ∞ and ΔD(iT) = ΔD0 = const., then (5) becomes an equation:

 
(0)

(0) 0 1
0 (0)( )

0 1

( ) ( )
2

( ) ( ) ( )

P P
P Y

P P

V S iT
D t

c iT V S iT

 
 

  
, (6)

from which the set of paths SP
(0)(iT,VP) is determined, each of which depends on the cutting speed 

VP = const. Obviously:

 
( )

(0) 0
(0)

0 1 0

( )
( , )

( ) [ ]

Y

PP
P P

D c iT
S iT V

V t D



   

, (7)

SP
(0)(iT,VP) – path of the feed per revolution along the slide motion, at which ΔD0 = const.

Analysis of the equations (5) and (6) makes it possible to draw some conclusions about the choice of 
tool parameters and cutting modes to reduce the infl uence of elastic deformations on the part diameter, also 
known from practice.

1. As the depth of cut decreases, the diameter variations due to changes in stiffness decrease. Therefore, 
machining a part, the stiffness of which changes along the tool path, is performed in several passes with a 
successive decrease in the allowance.

2. The value ΔD(iT) is infl uenced by the angular coeffi cient χ1. Angular coeffi cients depend on the tool 
geometry, fi rst of all, on the back rake angle and the rake angle [56].
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3. To reduce the uncertainty ΔD(iT) for variations c, it is reasonable to carry out machining with small 
feeds. However, at small feeds commensurate with the tool radius at its apex, the stabilizing effect of the 
motion direction formed on the workpiece is leveled out. Therefore, the magnitude of the feed from below 
is also limited [57]. These methods do not eliminate the need for matching the CNC program with the law 
of change of stiffness.

If the set of paths SP
(0)(iT,VP) is calculated, then it is additionally necessary to select from this set those, 

for which the condition of minimum wear intensity is satisfi ed. The solution to this problem is described 
in suffi cient detail in [58]. The paths (7) are calculated under the assumption that the subsystem of “fast” 
motions is asymptotically stable. Under this condition (7), there is an attractor that has the property of 
attraction in the entire state space. In this connection, it is additionally necessary to analyze the subsystem 
of “fast” motions for asymptotic stability.

Example of CNC program matching with a change in part stiffness.
The problem of matching TEE with changing system properties has a wide range of applications: match-

ing TEE with evolutionary changes in system properties due to the work of forces in the cutting zone; 
matching TEE with an a priori specifi ed law of changing the stiffness of the workpiece; matching TEE with 
the development of tool wear, etc. As an example, the longitudinal turning of the fuel pump nozzle fi tting 
of a diesel engine is considered (length L0 = 144 mm (Fig. 1, b), diameter D = 18 mm, material – hot-rolled 
bar made of steel 45 (STATE STANDARD 2590-2006) with diameter D = 25 mm. The tools used were 
tool systems with interchangeable 15 % (WC + TiC) + 6 % Co (HS123) square inserts and MR TNR 2020 
K11 toolholders. Tool geometry: back rake angle γ = 15°, cutting edge angle φ = 90°, front clearance angle 
α = 6o. Parameters of the tool elastic system and dynamic coupling are given in Table 1, Table 2. General-
ized mass m = 0.5∙10–3 kg∙s2/mm. To determine the law of variation of the radial stiffness along the axis of 
the workpiece, we can use the laws of bending vibrations of rods [59]. This information is easier and more 
accurate to obtain experimentally (Fig. 1, a). The law c(Y)(L2) should be supplemented by its agreement with 
the change in the reduced mass along L2. This is due to the fact that the natural frequencies of the bending 
vibrations of the shaft remain constant at all values of L2 [4–6, 46].

T a b l e  1
Matrices of velocity coeffi cients and elasticity of the tool subsystem

c1,1, 
kg/mm

c2,2, 
kg/mm

c3,3, 
kg/mm

h1,1, 
kg∙s/mm

h2,2, 
kg∙s/mm

h3,3, 
kg∙s/mm

2,000 1,000 1,000 1.3 1.1 0.8

1,2 2,1,

êã/ìì

ñ ñ 1,3 3,1,

êã/ìì

ñ ñ 2,3 3,2,

êã/ìì

ñ ñ 1,2 2,1,

êã ñ/ìì

h h


1,3 3,1,

êã ñ/ìì

h h



2,3 3,2,

êã ñ/ìì

h h



c1,2 = c2,1, 
kg/mm

c1,3 = c3,1, 
kg/mm

c2,3 = c3,2, 
kg/mm

h1,2 = h2,1, 
kg∙s/mm

h1,3 = h3,1, 
kg∙s/mm

h2,3 = h3,2, 
kg∙s/mm

100 150 80 0.6 0.5 0.4

T a b l e  2
Dynamic link options

ρ,
kg/mm2

ζ,
(mm/s)–1 T(0), s μ χ1 χ2 χ3

300 0.1 0.0001–0.0005 0.5 0.7 0.5 0.5
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The path SP
(0)(L2) in Fig. 2, b corresponds to the speed of longitudinal motions of the slide V2L2 = SP

(0)

(L2)(T)–1. The paths shown in Fig. 2, c characterize the attracting set of deformational displacement along 
the whole path of the tool motion in the case when the subsystem of “fast” motions is asymptotically stable. 
The paths in Fig. 2 are obtained by assuming that V3 = 1.5 m/s = VP = const. Varying V3 and tP

(0) will lead 
to a displacement of the path (Fig. 2).

Let us consider the problem of asymptotic stability of deformational displacements for the subsystem 
of “fast” motions. Quasi-permanent paths of deformational displacements Xs

(*)(iT),s = 1,2,3; Y(*)(iT); force 
F(*,0)(iT) and velocities V2

(*)(iT) correspond to the curves (Fig. 2). Xs
(*)(iT), Y(*)(iT), and F(*,0)(iT) are slowly 

changing state coordinates. Equation in variations with respect to the paths of “slow” motions is obtained 
after replacing of Xs(t) – Xs

(*)(iT) = xs(t); Y(t) – Y(*)(iT) = y(t); and F(0)(t) – F(0,*)(iT) = f(t);
Its linearization in the vicinity, Xs

(*)(iT),s = 1,2,3; Y(*)(iT); and F(*,0)(iT) leads to a system of linear 
equations with lagged arguments. The analysis of stability of such systems on the basis of algebraic criteria, 
as well as the Mikhailov criterion, is not fair [47, 48]. The simulation of forces in state coordinates allows 
us to interpret the forces as feedbacks in the system. Therefore, Nyquist stability criteria are used, for which 

c
Fig. 2. An example of matching the path of changing the radial 

stiffness of the workpiece (a) with the value of the feed per 
revolution (b), changing the diameter variations (c):

1 – complete matching along the path; 2 – processing with a constant feed; 
3 – linear interpolation of feed change over four nodal points (A-B-C-D)

а

б
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from (1) taking into account (3) the transfer function WP(p) of the system in the open state is obtained for 
the linearized system in variations:

 
 

   
1

2

(0)0
(0)

(0) (0)

( ) ( ) 1 exp( )
1

( ) 1 exp( ) ( ) 1 exp( ) ,

P FXP

FX FYP P

W p S g p Tp
T p

t g p Tp S g p Tp


   



     

 
(8)

where

1 1
( ) /FX Xg p    ; 

2 2
( ) /FX Xg p    ; ( ) /FY Yg p    ;

1,1 2,1 3,1

1,2 2,2 3,2

1,3 2,3 3,3

( )

0

0

0

0 0 0 Y

c c c

c c c

c c c

c

 
 
 

   
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The equation (8) includes technological parameters tP
(0) and SP

(0), and indirectly VP, because T(0) mainly 
depends on the cutting speed, and spindle speed. Parameters tP

(0), SP
(0) and Ω are defi ned by the CNC 

program. Here is an example of changing the stability area in the plane of two varying parameters “VP – 
ρ” (Fig. 3). Above the fi gurative lines, the system is unstable. The curves are typical when evaluating the 
effect of spindle speed on the stability of elastic deformational displacements of the tool and workpiece. 
Periodic bursts of admissible values ρ explained by the regenerative effect of the integral feed forming 
operator. Analysis of the properties of the system at t < T shows that the cutting speed primarily changes 
the parameter T(0). Its increase causes two opposite trends. On the one hand, an increase of T(0) leads 
to additional phase shifts between forces and strains, which contributes to the loss of stability. On the 
other hand, an increase of T(0)

 contributes to an increase in the damping effect of the cutting process on 
oscillations, which stabilizes the equilibrium. Therefore, there is a minimum when VP is increased.

Fig. 3. An example of changing the region of stability 
in a plane “VP – ”:

1 – с(Y) = 400 kg/mm; 2 – с(Y) = 150 kg/mm
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If we follow the work [58], as the cutting speed increases, a redistribution of physical interactions in 
the interface areas of the tool and cutting zone (adhesion, fatigue, abrasion, tribochemical, diffusion, etc.) 
is observed. Transition from prevailing adhesion to diffusion interactions corresponds to the minimum of 
wear intensity. This range corresponds to the minimum power of irreversible transformations of the energy 
input to the cutting [56]. When machining steel 45, the region of this transition is located in the range 
1.0–2.0 m/s.

In addition, with increasing Ω there is a critical value of Ω, starting from which parametric effects be-
gin to appear, including parametric self-excitation [45]. Therefore, there is a critical value of Ω, exceeding 
which is unacceptable and it is necessary to take into account the restrictions imposed on the system the 
peculiarities of its dynamics.

Results and discussion

One of the currently developing ways to increase the effi ciency of machining parts, the stiffness of 
which varies along the tool path is the coordination of external control (from the CNC system) with internal 
control of elastic deformations, determined by the dependence of forces on deformation displacements and 
TEE. The synergistic problem of interaction between the external control and the internal control [3–7], 
formed by the dependence of cutting forces on deformation displacements and TEE set by the CNC system, 
is solved on the basis of matching the external control with the internal dynamics of cutting. To do this, 
fi rstly, when defi ning the CNC program, a set of desired paths of the forming motions, which include both 
the TEE and the deformations of the tool tip relative to the workpiece, is constructed. The desired paths are 
defi ned on the basis of the requirements to the parts quality. All intermediate paths of the dynamical system 
up to the CNC program are subject to these paths. Thus, the currently existing principle of subordination 
is replaced by the principle of interaction of subsystems according to the direction of goal achievement. 
Secondly, from the obtained set of paths obtained at different technological modes, a path is selected, at 
which the intensity of tool wear is minimal. The depth of cutting is usually set a priori, so when selecting 
the modes, it is necessary to determine the cutting speed, at which the desired path of the forming motions 
is asymptotically stable, from the conditions of physical optimality. The performed verifi cation of the 
effectiveness of the method in the longitudinal turning of the fuel pump nozzle showed that by reducing 
the number of passes, it is possible to increase the productivity of part manufacturing up to two times in 
machine time. The increase in productivity is achieved, fi rstly, by reducing the number of passes. According 
to the basic technology, after drilling the central hole D = 2.5 mm, which is performed on a specialized 
machine, the workpiece is installed in the centers and the longitudinal turning of the shaft is performed in 
the beginning for the entire length up to D = 27 mm. Then the main surface of the shaft is turned in three 
passes with depths of cut tP

(0) = 1.5 mm; tP
(0) = 0.7 mm; and tP

(0) = 0.3 mm. Such transitions provide the 
required diameter accuracy until the back edge wear reaches 0.6 mm. The cutting modes remain unchanged. 
When using the synergistic concept due to the coordination of TEE with the changing parameters of the 
workpiece stiffness along the tool motion coordinates, coordination of TEE with the evolutionary changes in 
the properties of the dynamic relationship formed by cutting, as well as determining the optimal coordinates 
of switching (readjustment) of machining cycles, it is possible to reduce the number of passes from four to 
two. Besides, it is possible to increase the batch of parts before tooling system readjustment by 1.5 times. 
The optimal switching coordinates were determined according to the method stated by us earlier [59]. It 
is important to emphasize that the increase in productivity was achieved by software methods, without 
additional material costs.

Conclusion

One of the promising directions of manufacturing a batch of parts of a set quality while minimizing the 
reduced costs is the use of the synergistic principle of matching the external control (CNC program) with 
the internal dynamics of the system. The given example of manufacturing a part, the stiffness of which 
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clearly depends on the tool path, allows increasing the productivity in terms of machine time by up to two 
times. The developed approach and the given algorithms for determining the desired path of the forming 
motions and the corresponding NC program on the basis of synergetic matching of the external control 
with the changing dynamic characteristics of the workpiece can be extended to a large class of parts with a 
complex geometric shape.
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